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In several earlier papers in this series the distribution and brightness of 
galaxies with magnitudes between 13 and 18 have been reported. Be- 
cause of the relation of magnitude to distance, these surveys have involved 
space distribution as well as surface arrangement. 

In the present communication the surface distribution alone is given for 
nearly 80,000 objects in the northern galactic hemisphere, north of declina- 
tion +41°. Since only a small fraction of the objects marked on the 
photographic plates is fainter than magnitude 18, the extragalactic systems 
here reported can be referred to as the brighter galaxies. The distribution 
fainter than magnitude 18, and more distant for the average galaxy than 
140,000,000 light years, will be a project for several of the newer telescopes 
that are now or soon will be undertaking explorations deep into the meta- 
galaxy. 

1. Scope of the Survey.--The 153 plates on which this survey depends 
were made with the Metcalf refractor at the Oak Ridge Station by Henry 
A. Sawyer, using Cramer Hi-Speed Special (blue) plates all with exposures 
of three hours. Miss Rebecca Jones examined most of the plates and 
tabulated the nebular counts; Mrs. Nail has assisted in the numerical 
discussions. 

Since the main object of this prolonged survey of northern galaxies is, 
first, to examine the true clustering and intrinsic distributional irregularities 
(as distinguished from the uneven blocking in low latitudes by interstellar 
obscuring clouds), and, secondly, to evaluate the relation of galactic lati- 
tude to the frequency of seventeenth magnitude systems, no fields nearer 
the Milky Way than galactic latitude +20° are included. This limitation 
has also the advantage of minimizing the misidentifications near the plate 
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limit that occur in the richer star fields of low latitude. It is believed that 
the survey is reasonably accurate, and that the number of faint double or 
multiple stars erroneously included (estimated at about three per cent of 
the entries) is balanced, on the average, by the over-looked galaxies, which 
are generally of the spheroidal type. The degree of accuracy of the identi- 
fications has been sample-checked with the aid of the large reflectors. 

The plates show stars to the eighteenth magnitude (median working 
limit is 17.9), and the galaxies are therefore recorded with essential com- 
pleteness to magnitude 17.5. All galaxies within a hundred million light 
years, with absolute magnitudes brighter than — 15, are thus included, but 
the dwarfs at that distance are too faint for inclusion. 

The region of the sky covered includes the whole of the constellations 
Draco and Ursa Minor, most of Lynx and Ursa Major and considerable 
portions of Canes Venatici, Bodtes, Hercules and Camelopardalis. It may 
be of interest that 1500 galaxies are shown on these Harvard plates in the 
bowl of the Big Dipper. If the radial density is approximately constant, 
there should be in this area, bounded by stars of the Dipper’s bowl, more 
than one million galaxies photographable with long exposures on fast plates 
with the Hale reflector on Palomar. 

2. Summary of Observations.—-In table 1 the observational material 1s 
summarized, with plate centers given in both equatorial and galactic co 
ordinates, The magnitude limits, m,, refer to stars. The galaxy census 
is Shown in five columns. NV, refers to the whole plate (about 35 square 
degrees); Ny to the central area of 25 square degrees, which encompasses 
for each plate practically all that can be used without application of dis- 
tance corrections to the magnitudes and to the counted numbers of galaxies. 
Ny gives the total population for the central 9 square degrees, and the 
last two columns the data per square degree reduced to a common mag- 
nitude limit of 17.9. 

3. The Magnitude Limits.—-The equatorial and galactic coordinates in 
table | give the center of the plates within a tenth of a degree. After the 
olates were marked for galaxies and the magnitude limit for stars de- 
termined, the galaxies were counted with the aid of a superposed glass 
reticule with squares one degree on the side. There seems to be no point 
in recording the positions of these numerous and generally featureless ex- 
tragalactic objects more closely than is here provided. The actual num- 
bers in each square degree for each plate will be published in the Harvard 
Annals and thus permit a detailed analysis of the distribution. 

The varying sky conditions and emulsion speeds have produced the 
differing plate limits (sixth column). The limits have been determined for 
each plate through the star-count method, which is based on fundamental 
Mount Wilson magnitudes in Selected Areas. In this northern part of the 
sky, away from the congestions and irregularities of the Milky Way, star 
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TABLE 1 


Posrrions AND Counts 
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TABLE 1 omtenued 


REDUCED 
PLATS Ne Nes Ne 
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TABLE | (Costinued 





REDUCED 








PLATS a 1900 é A a Vy Vee Ne Va Ne 

28014 14 13.4 53 43 «63 59 17.8 742 6566 104 26.0 24.7 

299627 14 13.4 48 5 47 6 18.3 714 583 239 13.4 14.9 

30132 l4 18.4 oS. 3. 77 47 17.6 723 551 198 33 5 33.2 

28158" if 32.1 ‘2 & 79 43 17.7 354 208 08 15.7 15.8 

29606 14 36.8 49 O8 452 59 17.8 747 567 163 26.1 20.8 

28047 I4 38.3 58 22 O4 53 17.4 561 441 158 35.2 35.2 

29979 14 42.8 43 51 41 61 18.1 639 474 142 144 12.0 

29559 14 48.9 63 1! 68 40 17.4 601 S82 228 466 50 6 

28172° 14 83.5 vi 48 82 38 17.7 125 363 #128 19:1 #18 7 

30027 i4 54.3 53 4G 55 17.5 739 560 215 3900 41.6 

27088" 16 27 84 20 Ke 33 17.8 511 411 157 189 200 

2RV40F 15 105 43 25 37 56 18.0 550 415 27 14.4 12.3 

30920 18 13.6 iX 26 45) 54 17.5 523 430 172 29.9 33.2 

29504 15 16.5 58 50 #60 19 17.5 40) 337 133 23.5 257 

3O0RR0) 15 19.4 68 ~ 7 i4 17.5 780 «6622 240 483 46.5 

27373° 15 29.) 72 & 675 © 17.9 384 312 12.5 10.0 

32917 15 31.2 53 21 51 50 18.0 S24 672 236 23.4 22.8 

32932 15 44.6 48 7 42 hu is] S34 668 260 20.3 22.0 

27406 15 459 62 54 63 44 18.0 649 488 182 17.0 17.6 

30079 + 15 4890 44 OO 36 ae] 18.2 1726 1425 402 37.6 33.8 

27462* 15 55.4 75 O5 16 37 17.8 399 281 105 12.9 13.5 

28945 16 001 58 50 56 i4 17.5 518 121 160 292 310 

27192* 16 14 79 19 =O 34 17.9 623 70 161 18 8 17.9 

27273" 16 89 8 4 88 © 175 97% 223 04 15.5 18.1 § 
20556 16 13.4 53 28 40 if 17.6 597 481 171 200 28.7 

30886 16 21.4 68 05 67 38 17.8 959 712 202 32.8 25.8 

31445 16 23.3 iS 6S 12 43 17.6 386 321 86 193 145 

30186 16 3 43 4 8685 S$ 618.0 1143 939 310 32.7 29.9 

29529 16 31.6 63 4 60 39 17.3 «611 475 149 43.5 3728 

27230°* 16 463 71 55 71 35 18.2 770 650 204 17.4 15.0 ‘ 
28940 © 46:3: ST 20 BB 88 17.888 oe 107 24.9 20.7 é 
31418 6 519 SS Al 4?) 3B 17.2 ae es 185 246 27.2 % 
295374 16 544 13 is 36 3R 17.9 500 367 109 14.7 2.1 x 
31441 16 57.8 iS 24 i] 37 17.7 837 172 125 21.2 183 ; 
29539 17 15.5 67 29 65 34 17.5 51 366 111 25.4 214 

28302 17 228 62 SO 54 33 17.8 356 273 104 12.5 13.2 4 
30123+ 17 266 43 2y 36 32 18 3 808 616 236 141 15.) 

27320 17 29.3 57 56 53 33 17.9 {81 416 144 166 16.0 

29564 17 30.1 52 39 47 32 17.8 503 100 145 18 4 185 

29567 17 36.6 iS) |=. 29 $2 3] 17.6 165 370 148 223 24.8 

27279* lf 58.0 a7 22 76 30 i7 8 605 504 172 23.2 22.0 

30224t 17 58.1 43 32. O38 26 17.7 442 373 153 19.7 204 

27288 * 18 i 6 i2 24 70 29 17 8 548 M0 153 202 106 

27445°* Is 34 S3 26 83 29 18.2 447 355 108 9.4 7.5 

28939 18 59 62 56 59 29 17.6 315 260 92 181 17 6 

$2320) iS 9.4 48 12 $3 25 17.6 155 131 546 79 Of 
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TABLE 1 (Contieurd) 


REDUCED 

rate a 1900) 4 * a m, Nr N ss Ne Nu Ne 
20618 is 10.3 67 &2 66 20 17.7 332 237 @ 13.5 13.2 
42075 if 13.4 57 4 he 27 17.9 421 370 171 #16.2 19.0 
28048 is 14.0 S38 1 # 37:7 Bil 160 8&5 8.4 8.0 
28050 is 33.9 48 OR 39 20 180 222 isos 69 +66 6.7 
32464 18 45.9 48 34 45 S  S3e.- 356 2 23 8.5 7.1 
32469 18 40.6 82 47 BO 21 17.3 208 158 SI 14.4 13.0 
SORS9 iS 56.3 58 O08 55 21 17.7 200 186 & 9.8 7.58 
27431 19 OL.7 62 32 60 22 17.8 335 280 76 °#12.9 9.7 
2S478*° 19 11.4 ja GO FW 24 75s 26.lUhlU CO 
28328 19 12.6 67 28 6 23 18.1 202 256 9 rt 8.4 
27293* 19 27.7 77 41 77 23 18:0 2258 182 76 6.4 7.3 
27753° 19 37.2 Ss 3 & 26 18.2 258 210 @ 68.8 8.0 
27706° 21 8.4 77 42 RO 20 17.7 62 47 13 2.5 1.8 
27808* 22 2.6 82 22 &5 22 17.8 61 52 15 2.4 1.9 
27837° 23 57.3: 82 22 ae] 20 17.8 61 A ha 2.3 2.1 


* Shapley and Jones, Harv. Ann., 106 No. 1 (1938). 

t Shapley and Jones, these Procegsprnos, 26 554-561 (1940), Harvard Reprint 
28 

t Seyfert, Harv. Ann..105 No. 10 (1937 


counts provide a reliable procedure. The magnitude limits for the 153 
plates are distributed as follows: 


Magnitude limit 7.3. 17.4 ive: (ie ea TL ee 
Number of fields 3 2 a 13 18 28 17 


Reduction factor 2 2 2.00 1.74 1.51 1.32 1.15 0.00 


Magnitude limit 8.9 18.1 8.2 18.3 18.4 18.5 
Number of fields is 17 13 7 3 5 
Reduction factor 0.87 600.760 «6©0.66) 0.575 0.50 0.437 


The reduction factor in the last line is based on the customary assump 
tion, which the Harvard and Mount Wilson studies have both supported, 
that the average space density of galaxies in high latitudes is essentially 
uniform, at least out to a distance of 10° light years. The reduction factor 
has been applied only for the last two columns of table 1, and for figure 1 
and table 3 

4. Test of Metcalf Telescope Field.-The curved glass plates so accurately 
fit the field of the Metcalf doublet that no appreciable distance error is 
found within a circle of 2',,° radius. There may be, however, slight in- 
equalities in the field, as is shown by the data of table 2, which are based on 
the nebular counts on the 153 plates. (No correction of any kind has been 
applied to the data in this tabulation.) In each square are the number of 
the square, the mean population of galaxies V for that square, the deviation 
Y —20.4, and the mean error ¢ of .V (based on 153 fields). For the whole 
plate .V averages 20.4 * 0.2 (m. e., based on 25 squares), and ¢ averages 
“0.51 * O.O1 (m. e 
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The deviations VY —20.4 provide a test of the uniformity of the field of 
the telescope. In a sense, we are here using some 80,000 galaxies to test, 
through the deviations from the value 20.4 galaxies per square degree, the 
performance of a 4-lens objective. The test is not absolute, of course, be- 
cause irregularities of nebular distribution and observational uncertainties 
also enter, and are not wholly smoothed out by the large number of plates. 
The deviations from 20.4 are for 16 of the squares less than twice the cor- 
responding mean error ¢, and therefore show no sensible distortion of the 
telescopic field at those points. Only for squares |, 3, 14, 22, 23 and 24 
does the evidence suggest that the effectiveness is definitely more or less 


TABLE 2 

Tast or rug Te_escops’s Fisip 

(See text, section 2, for description) 

24 23 22 

21.9 22.4 23.3 

+15 +2.0 +2.9 
0. 60 «0.56 «0.60 

19 18 17 

19.5 19.2 20.1 

~0.9 —1.2 —O0.3 
«(48 #1), 40 «=(). 44 

15 14 13 12 
20 .¢ 19.0 19.3 20.6 


» 
—0.2 —1.4 -1.1 +0.2 
= BO «0 52 mf 40 =O). 48 


10 ‘ 8 7 6 
20.5 19.5 19.8 21.4 20 
+01 - —0.6 +1.0 +0 
«(0 490 #045 (0) 49 te () 

} 3 2 1 
19.6 , 23.0 21.4 18. 
~0.8 +2.6 +1.0 ~-2. 
*() 44 53 +0 58 #0). 55 #0). 56 


than the average. If rich clusters of galaxies should accidentally fall on 
the same square for several plates, a large positive average deviation might 
result. If vacancies fortuitously combine on a square, a large negative 
average deviation could occur. To test further this possibility of cluster- 
ing, the fields of table 1. were separated into three equal groups, in order of 
number. The deviations are positive and large in all three groups for square 
22 only; and for square 14 only, large and negative (deficiency of recorded 
galaxies). We conclude that the inequalities of table 2 are primarily dur 
to clustering and fortuitous “holes,”’ and not to instrumental causes. 

The deviations of table 2 are a very sensitive measure of the telescope’s 
field. The largest are about 12 per cent of the mean nebular numbers for 
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those squares. On the usual uniform-density assumption, this: percentage 
corresponds to a deviation of only 0.08 mag. in effective reach. The 
average is 5 per cent, corresponding to 0.04 mag. In practice, therefore, 
for nebular surveys, the field inequalities are negligible. If they exist, 
they probably arise from differences in sharpness of focus; either the lenses 
or the curved-plate matrix may be at fault. With smooth fields of stars 
rather than patchy nebular fields, this testing method for large field lenses 
or mirrors could be made very precise. 

5. Distribution of Galaxies in Latitude and Longitude-—A comparison 
of the results obtained from the study of the 3600 square degrees, reported 
in the present communication, with other areas surveyed in the southern 
sky, will be made in the course of a forthcoming general summary of the 
Harvard work on the distribution of galaxies. The summary will deal with 
the distribution of the brighter systems for the whole sky, and for a large 
fraction of the sky will concern the more distant objects down to magnitude 
18, of which well over half a million have been photographed with the 
Harvard telescopes, but less than 200,000 studied in detail. 


TABLE 3 
Mean NUMBER OF GALAXIES PER SQUARE DEGREE 


“at 


acTi LOSOITUDE INTERVALS 

mene Moe 0 BY 00-119 120-149 w- 149 

20-20 2.1 @ 9.2(12 7.211 11.1 (10 9.7 (42 

30 1K.8 (GO 99 6010 11 640 ee 18.3 (36 

s--49 28 0D (8 0 1) 7 (9 24.5 (7 24.5 (31 

50-59 26.6 (5 31.0 (7 31.8 (7 28.6 (7 29.7 (26 
>H0° 19.4 (4 4.6 5 33.5 (6) 22.3 (3) 28.8 (18 
> 40) 25.2 (15 29.7 (21 27 .7 (22 25.8 (17) 27.4 (75 
All 19.9 (33 22.3 (43 18.7 (43) 20.5 (34 20.4 (153) 


Iwo results from the earlier analysis of a part of the material of table 1, 
both of significance in the cosmography of external galaxies, are confirmed 
by the present larger study. The first is the demonstration of the far ex 
tension of the ‘“‘Cepheus flare’ or cloud of absorbing material that comes 
out of the Milky Way between galactic longitudes 70° and 110° and ex 
tends up to galactic latitude 37° in longitude 105°. This flare of absorp 
tion covers the North Celestial Pole, and as pointed out in earlier reports, 
indicates that the North Polar magnitude standard sequence is somewhat 
obscured. The color as well as the brightness of the standard stars must 
be affected. This absorbing cloud is shown in latitudes higher than -+ 20° 
in the density diagram in figure 1, where each circular area is centered on a 
plate center and covers 20 square degrees. The actual coverage of the sky 
is more complete than the diagram indicates, since the plates actually cover 


35 square degrees 
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Phe second earlier result supported by this survey is the evidence that 
from galactic latitude +40° to the North Galactic Pole there is no appreci- 
able increase of population density with latitude. This result was first 
reported in the Darwin Lecture in 1934' and later shown for the 5° dec- 
lination belt (+41° to +46°) by Shapley and Jones,? who used in part 
some of the material included in table 1. The relation of population to 
latitude is summarized in table 3. The mean numbers per square degree 
have been reduced for this tabulation to a common apparent magnitude, 
m, = 17.9. The greatest density, when all longitudes are considered, is in 
the neighborhood of galactic latitude +60°. 

6. General Irregularity in Distribution.-The clumpiness of galaxies is 
now generally recognized, and the density chart in figure | is consistent 

‘ with the results we have been reporting for more than a decade. The 
: ; census tables to be published later will show the irregularities in finer detail. 
Except for the region of the Cepheus flare, obscuration by interstellar 
clouds appears to be ineffective for the high latitude regions. As stated 
above, the mean residuals of the mean numbers for each square degree 
(see table 2) are a measure of the inequalities from plate to plate. The 
average for all squares is 0.51, but when the fields are examined for these 
population irregularities at different galactic latitudes we find the following 


; results 

i Latitude interval 20-30 ° 30--40° 40— 50° 50— 50° > 59 
é Number of plates... 42 36 31 22 22 
Me Average mean residual #0. 65 ~0.99 1.16 * 1.87 1 84 
: 


rhe increase with latitude of the average mean residual when reduced to 
a common number of plates is roughly proportional to the square root of the 
average number of galaxies, and therefore we conclude that the irregularities 
in the distribution, as might be expected, are independent of galactic 
latitude 

A number of rich clusters or clouds of galaxies appear in the area covered 
and doubtless an extension of the survey to magnitude 19 and fainter will 
reveal many new clusters and clarify others that are here only suggested 
The distribution chart given in figure 1, which is based on the reduced 
plate averages of table 1, show a number of very rich regions, many of 
which have now been further photographed with the Jewett-Schmidt 
telescope at Oak Ridge 

' Shapley, H., Harvard Reprint 105 (1934); Mon. Not. R. A. S., 94, 813 (1934). 

* These Procrepines, 26, 500-004 (1940), Harvard Reprint 209; see also Harvard 
eprint, Series 11, 23 (1948); Ses. Mon., 67, 247 (1948). 
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EVIDENCE FOR THE PARTICIPATION OF KYNURENINE AS A 
NORMAL INTERMEDIATE IN THE BIOSYNTHESIS OF NIACIN 
IN NEUROSPORA* 

By CHARLES YANOPSKY AND Davip M. BONNER 
OsporRN BoranicaL Laporatory, YALE Untversitry, New Haven, Connecticut 
Communicated by P. R. Burkholder, January 28, 1950 


Investigations on the mechanism of the biological synthesis of niacin 
have implicated tryptophan and 3-hydroxy-anthranilic acid as niacin 
precursors in both Neurospora’ * and the rat." * 3-Hydroxy-anthranilic 
acid has been shown to serve as a normal intermediate in niacin synthesis in 
Neurospora,’ and a mechanism for the conversion of this compound to 
niacin has been suggested.* It was not until recently, however, that con- 
clusive proof was obtained that tryptophan normally serves as a major 
precursor of niacin in Neurospora.’ As yet no clear proof of the identity of 
the intermediates between tryptophan and 3-hydroxy-anthranilic acid has 
been obtained. Kynurenine and 3-hydroxy-kynurenine have been pro- 
posed as intermediates in the conversion of tryptophan to niacin in Neuro- 
spora.* Kynurenine has been tested for its ability to support the growth 
of rats maintained on a niacin deficient diet and found inactive.* How- 
ever, recent evidence presented by Heidelberger’ and by Kallio” suggests 
that kynurenine may play a role in the conversion of tryptophan to niacin 
by the rat. 

In the Neurospora investigations evidence substantiating the proposal 
that kynurenine and 3-hydroxy-kynurenine function as natural precursors 
of niacin has not yet been presented. Although both of these substances 
have been tested and found highly active in supporting the growth of cer- 
tain niacinless strains, '' proof of their actual participation in niacin syn 
thesis is still lacking. This lack of evidence is primarily due to the fact 
that mutant strains capable of utilizing 3-hydroxy-anthranilic acid and 
niacin but incapable of using tryptophan have not been studied. Mutants 
of this class might accumulate one or more of the intermediates between 
tryptophan and 3-hydroxy-anthranilic acid, and accumulation of either 
kynurenine or 3-hydroxy-kynurenine would constitute direct proof of the 
participation of these compounds in the biosynthesis of niacin in Neuro- 
spora. A mutant strain has been obtained’ which can use 3-hydroxy- 
anthranilic acid, cannot use tryptophan and does accumulate a kynurenine- 
like compound. The present paper deals with the isolation and identifica- 
tion of this substance and the significance of this accumulation. 

Experimental—-The basal medium used throughout is the customary 
Neurospora minimal.'* Cultures were grown 72 hours at 25°C. in 125-ml 
Erlenmeyer flasks containing 20 or 40 ml. of medium for growth tests. 
At the end of the period of incubation the mycelial pads were removed, 
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dned and weighed Test samples were added to the assay flasks before 
autoclaving 

Table | lists the various Neurospora mutants used in this investigation 
and the substances known to support their growth 

Strain Y-31SSi is biochemically distinct from the other mutant strains 
hsted, since the group of compounds which will support its growth ts char 
acteristic of it alone. The growth of this strain is supported by any one of 
the following compounds: 3-hydroxy-kynurenine,t 3-hydroxy-anthranilic 
acid, quinolinic acid at high concentrations and niacin. Tryptophan, its 
precursors or kynurenine cannot replace macin for this mutant. Genetic 
tests demonstrate that Y-315S1 differs from the parental strain by a single 
gene mutation Chat this strain differs genetically from the other strains 
listed in table | was concluded from the fact that it forms a heterocaryon 
(as a test for allelism)'* with these strains, and that from crosses with each 


of the strains listed in table 1, nutritionally wild-type progeny were re 


covered 
rARLE 
(FROWTH OF VARIOUS STRAINS OF NEUROSPORA 
an }-uy ony 
ACETYL DROXY- DROXY 
ANT MRA reve KY NE KYNt KYNU- ANTHRA- QUINO 
oie NIhte im ro EN REN REN NILAS LINIC 
ste Tron AcTR DLs rHRAN Int ive Ine ACTD actTD NIACTS 
S001 
i ) 
U4i)} ’ + 2 
Y-3TSS1 + ' } 
io ‘ + 
M16 ; 
Y -3IS81L-3416 + 
Wild type ‘ 4 4 + + } } $ 


(On the basis of these observations it was concluded that this mutant is 
genetically blocked in the conversion of kynurenine to 3-hydroxy-an 
thramlic acid. The double mutant Y-31SS1-3416 permitted a direct check 
on this interpretation. Strain 3416 is a miacin-requiring mutant which 
cannot use 3-hydroxyanthranmilic acid in place of niacin, and accumulates 
quinolinic acid freely in its culture medium.® If the Y-31S81 block inter 
fered with the synthesis of 3-hydroxy-anthranilic acid, which in turn is 
known to give rise to quinoline acid, it would be expected that this double 
mutant should no longer accumulate this acid. The opposite mating types 
of the two strains concerted were crossed and ascospores were isolated in 
order from several asci. In one ascus four wild-type spores were obtained, 
indicating that the other four must be double mutants. Crossing a pre 
sumed double mutant with wild type gave both individual mutant types 


verntying the genotvpe of the double mutant Y-31881-3416 and 3416, 
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one of the parental types, were grown on a medium supplemented with ni- 
acin and the amount of quinolinic acid accumulated determined. It can 
be seen from table 2 that the double mutant Y-31881-3416 does not ac- 
cumulate an appreciable amount of quinolinic acid when compared to 
strain 3416. The Y-318S1 block must then prevent an enzymatic reaction 
which normally leads to the production of a quinolinic acid precursor. 
Cross-feeding experiments were performed to test for the accumulation 
of an active niacin precursor in the culture filtrates of strain Y-31881. 
Strain 39401 was selected as the assay organism since this strain would be 
expected to grow in the presence of indole, tryptophan or any of the inter- 
mediates between tryptophan and niacin (see table 1). The results of a 
typical experiment are shown in figure 1. It is clear that these filtrates 
contain a substance or substances which support the growth of strain 39401 
but not strain Y-318S1. Since the growth of strain 39401 alone is supported 
by Y-31SS81 culture filtrate, it may be concluded that the accumulated sub- 
stance is not $-hydroxy-kynurenine, 3-hydroxy-anthranilic acid, quinolinic 
acid or niacin, since both strains are equally sensitive to these compounds 
To obtain sufficient material for the isolation of the active substance 
(designated as 31SS1-I), strain Y-31881 was grown in 5-gallon bottles con- 
TABLE 2 


QurNotinic Acrp AccUMULATION BY VaRIOUS MUTANT STRAINS OF NEUROSPORA 


y -QUINOLINIE QUINOLINIC 
ACID AaciD 
rere cx PER MO 
STRAIN SUPPLEMENT PILTRAT® DRY WercHnT 
3416 20 y-nicotinamide fO.5 8.3 
Y-31881-3416 20 y-nicotinamide 0.49 0.14 


taining 18 liters of half-strength minimal medium supplemented with 4 
mg. of nicotinamide. Half-strength minimal was used instead of normal 
strength since it did not decrease the amount of 31881-I accumulated yet 
reduced the difficulty of isolation. The cultures were incubated at 25°C. 
under continuous aeration. After 7-10 days of growth the mycelium was 
removed by filtering through cheesecloth. The filtrates from two bottles 
were combined and concentrated tn vacuo to approximately two liters. 
The concentrate was filtered to remove insoluble material, which was then 
washed twice with ethanol. The washings were added to the clear con 
centrate. Two volumes of ethanol were added and the mixture cooled 
overnight. The precipitate formed was filtered off and washed as before 
Che clear solution was evaporated almost to dryness, brought up to a vol 
ume of 300 ce. with distilled water and acidified to pH 3.5-4.0. It was then 
continuously extracted with ether for 48 hours. The ether extract was 
concentrated to ca. 10 cc. and enough ethanol added to bring the final 
volume to 60 cc. This extract was chromatographed using whole sheets of 
Whatman No. | filter paper cut to 17 & 20 inches. Twelve sheets were 
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run at the same time and constituted a single batch. Five ce. of the 
ethanol extract were applied to each sheet by means of a modified kymo- 
graph previously described.'* The sheets were then developed as ascend- 
ing chromatograms with a butyl alcohol, propyl alcohol, water (1:2:1) 
solvent made 0.005 AM with respect to ammonia immediately before use. 
\fter 24 hours the sheets were removed and air-dried. 
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FIGURE 1 


rowth of strains 30401 and Y-31881 on culture filtrates of strain Y-31881. ©)-) strain 
39401, @-@ strain V-31881 


The band of active matenal was next located in the following manner. 
Sterile modified Neurospora minimal medium was inoculated with a fil- 
tered conidial suspension of the test strain and poured into large (5'/2 
16 inch) plates.“ The medium used contained inorganic salts, 2° agar, 
0.250% sucrose and 1°) sorbose, this latter sugar being used to prevent 
spreading growth of the mycelium.” Strains 39401 and Y-31881 were 
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used as test organisms. Two vertical sections each | cm. in width were 
cut from one sheet of each batch. These strips were sterilized by exposure 
to a Sterilamp for ca. 15 minutes, after which one strip was placed on a 
39401 plate and its duplicate on a Y-31881 plate. Each plate could ac- 
commodate 3 strips with sufficient space between them to prevent over- 
lapping of the growth zones. The plates were then maintained at 25°C. 








240 280 320 
MU 


FIGURE 2 


Absorption spectra of 31881-I in various solvents. JO1NHCI; @-@0.1 N NaOH; 
‘4 abs. ethanol. 


for 24 hours. Contaminants were seldom encountered because of the 
short period of incubation. The areas supporting the growth of 39401 
but not Y-31881 were markeri and recorded, and the corresponding sec- 
tions from all sheets of the same batch were cut out and combined. . These 
sections were eluted with dilute ammonia in a Waring blendor. The 
suspension was filtered to remove the paper pulp, this process repeated 
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and the eluates combined. The paper pulp was tested for residual activity 
before being discarded, and it was seldom found necessary to elute a third 
time. The combined eluates were evaporated to dryness in vacuo and the 
mnimum amount of hot ethanol added to effect complete solution. On 
cooling, light brown needles which supported the growth of strain 39401 
appeared. The needles were filtered off and recrystallized from water 
after norite treatment. This material remained active for growth of strain 
39401, but was found to be only about one seven hundredth as active as 
niacin. After the original isolation procedure was evolved and several 
mg. of SISS1-I were obtained, it was found that the isolation procedure 
could be considerably shortened. The ether extract was dissolved in hot 
ethanol, and when the solution had been kept in the refrigerator for a few 
days, crude crystals of 31SS1-I appeared. These crystals were filtered off 
and recrystallized as before 

The product in either case is pale yellow, melts from 190-195°C. (un- 
corr.) and decomposes at 210°C. with the sublimation of a second sub- 
stance. The sublimate melts at 237~240°C. (uncorr.) when heated rapidly. 
The absorption spectra of the isolated material (31881-I) in several sol- 
vents are given in figure 2. Of the many substances tested only o-amino- 
acetophenone showed approximately the same absorption spectra in the 
solvents used, suggesting a possible relationship. 

Ihe isolated material is soluble in methanol, ethanol and acetic acid, 
slightly soluble in water and very slightly soluble in ether. Equivalent 
weight determinations gave a value of 250. The fact that molecular weight 
determination by ebulliometry gave values around 250, suggests that the 
equivalent weight determined is the molecular weight of the substance. 
rests for functional groups indicated the presence of an aromatic amino 
group, a free carboxyl group and the absence of free a-amino, phenolic and 
alkoxyl groups. When 31S81-I was subjected to acid hydrolysis (1 N 
H,SO, at 100°C. for 2 hours), a considerable increase in niacin activity was 
noticed (Fig. 3). It was also found that the hydrolyzed solution was 
active for strain 75001 (see table 1) and now gave a positive test for an a 
amino group. These facts suggested that the compound formed on hy- 
drolysis was kynurenine. To establish this fact the isolation of kynurenine 
was attempted. One hundred mg. of 318S81-I were hydrolyzed with 1 N 
H,SO,, the H,SO, content brought up to 5% (by volume) and enough 
ethanol added to make an SO") solution. After two days in the refrigera- 
tor the colorless crystals were filtered off. These needles gave a strong 
qualitative test for kynurenine, contained sulfate, were active for 75001 
and 39401 and appeared in all tests to be identical with kynurenine sulfate. 
It was also necessary to determine the nature of the group removed by 
acid hydrolysis im order to establish the structure of 31881-I. Since the 
c-amino group was freed by acid hydrolysis it was suspected that the mask- 
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ing group was either a formyl or an acetyl group. On acid hydrolysis these 
groups would give rise to formic and acetic acids. A 100-mg. sample of 
31881-I (in 10 cc. of 1 N H,SO,) was hydrolyzed in a sealed glass tube 
placed in a boiling water bath for 1'/,; hours. The tube was removed, 
cooled, opened and the contents poured into a distilling flask. The vol- 
atile acids were distilled over and the Duclaux distillation constants de- 
termined. The constants agreed perfectly with those found using a known 
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FIGURE 3 
Activity of 31881-I for strain 30401 before and after acid 
hydrolysis before acid hydrolysis-—mg. scale; @~-@ after 


acid hydrolysis--y scale 


acetic acid solution. Furthermore, 0.36 meq. of acid was present in the 100 
ce. of distillate. This amount of acetic acid accounts for 90° of the 
theoretical amount of acid which would be liberated by the complete hy- 
drolysis of 100 mg. of a-N-acetyl kynurenine. C-H analysis of 31881-I is 
compared below with that calculated for a-N-acetyl kynurenine. 


Found 57 . 69 §.77 


Caleulated for CuoH WON 57. 5S 5.63 
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On the basis of these data we have identified 31881-1 as a-N-acetyl kynure 
mne (formula 1). Final proof awaits synthesis of this compound, which is 
now in progress 


C—-CH,;CH-—-COOH 
NH; NH 
Caz) 
CH, 
Formula | 
lo arrive at any conclusions concerning the significance of the accumula 
tion of SISS1-I it was necessary to determine whether other strains ac 
cumulate this substance. Several years ago Bonner and Beadle” reported 
the isolation of a substance (designated as 4540-I1) from the filtrates of 
strain 440. Because only small quantities of 4540-1] were present and its 
vctivity slight, attention was focused on the more active substance ac 
cumulated by this strain, 3-hydroxy-anthranilic acid. From the data 
presented in their paper it can be concluded that 4540-II and 31S8S81-I 
are identical. The C-H analyses of 4540-IIT and 31881-I are compared 


be low 
4 
1540-11 57 5S 5.68 
SL AS]. 57.69 5.77 
Caleulated for C,H yn 17. OS 5 63 


Filtrates from other strains were also tested for the presence of this 
compound, In these experiments the standard isolation and detection 
procedures were employed which are reported in this paper. The strains 
tested were 2198 and 5256 (wild type). 31S8S81-I could not be detected in 
the filtrates of either of these strains. However, this method could not be 
expected to detect small quantities of this substance which may be normally 
formed 

Discussion. Tryptophan and kynurenine have been proposed as inter 
mediates in the synthesis of macin in Neurospora largely because they 
support the growth of one genetic type of miacin-requiring mutant strain. ! 
}-Hydroxy-anthramihe acid similarly shows miacin activity* but proof of 
its natural participation in miacin synthesis has been obtained.’ On the 
basis of these observations a scheme was proposed involving tryptophan, 
kynurenine, $-hydroxy-kynurenine and 3-hydroxy-anthranilic acid as 
precursors of macin, Certain observations regarding the strain upon 
which the participation of tryptophan and kynurenine have been predi 
cated are not readily reconcilable with the thesis that tryptophan and 
kynurenine serve as major macim precursors.’’* However, N™ experi 


ments, designed specifically to test this poimt, have shown conclusively 
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that tryptophan is the main source of niacin in Neurospora.’ Also con- 
sistent with the proposed scheme is the fact that 3-hydroxy-kynurenine 
has been found active in replacing niacin.'' However, final proof for the 
participation of kynurenine and 3-hydroxy-kynurenine depends upon the 
demonstration that these compounds can be and are synthesized by 
Neurospora. The work reported in this paper has shown that a metabolite 
of kynurenine is abnormally accumulated as a result of a genetic block in 
one strain. Therefore, proof has been obtained for the ability of the mold 
Neurospora to produce kynurenine-like compounds. Furthermore, this 
accumulation is associated with the inability of the strain concerned to 
synthesize niacin. There is a direct relationship between the two, Con- 
sistent with these observations is the fact that this mutant will grow in the 
presence of 3-hydroxy-kynurenine but not in the presence of kynurenine. 
Hence, it apparently cannot convert the latter substance to the former. 
Thus, it has been shown that Neurospora can and does synthesize kynu- 
renine-like compounds and that these compounds are involved in niacin 
synthesis. In rats, the normal excretory product of kynurenine is either 
kynurenic or xanthurenic acid, depending upon the By content of the diet. 
In view of the small quantities of a-N-acetyl kynurenine formed by strain 
4540,and the larger quantities formed by strain Y-31S81, it appears that 
this compound represents a major end-product of kynurenine metabolism in 
Neurospora. However, both kynurenic and xanthurenic acids might 
reasonably be expected to be found as kynurenine metabolites in Neuro- 
spora under certain conditions. 

The following scheme represents the present status of the investigations 
on niacin synthesis in Neurospora, The vertical arrows indicate com- 
pounds accumulated as a result of the indicated genetic block. 


¥-31881 
tryptophan ————~ kynurenine ——/-—» 3-hydroxy —» 3-hydroxy-anthranilic acid 
‘ kynurenine 
a- N-acetyl kynurenine accumulated 
4540 3416 


+ intermediate + niacin 
‘ 
quinolinic acid 
Summary. The isolation and identification of a substance possessing 

slight niacin activity for one mutant strain of Neurospora has been de- 
scribed. The strain accumulating this substance can synthesize niacin 
from 3-hydroxy-kynurenine or 3-hydroxy-anthranilic acid but is incapable 
of utilizing tryptophan or kynurenine for this purpose. If the proposed 
pathway from tryptophan to niacin in Neurospora is correct the accumu- 
lated compound should be kynurenine or some product of kynurenine 
metabolism. Such a product has been isolated and identified as a-N- 
acetyl kynurenine. The accumulation of this kynurenine-like compound 
as a result of an induced genetic block is considered direct evidence for the 
participation of kynurenine in the biosynthesis of niacin in Neurospora. 
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Various supplemental agents have been administered to organisms being 
exposed to x-rays and the effects of these agents on the induced frequency 
of gene mutations and chromosome aberrations have been studied. In 
general, the supplemental treatments which did alter the x-ray-induced 
mutation or chromosome rearrangement rate were found to increase this 
rate. However, the recent work of Thoday and Read,‘ Hayden and 
Smith,’ and Giles and Riley* provide evidence that by lowering the oxygen 
tension during x-ray exposure of plant material, the induced frequency of 
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chromosome aberrations is greatly reduced. In view of the implications 
of this finding, it seemed advisable to determine if a lowered oxygen con- 
centration reduces the radiation damage to the genes in animal material. 


Experimental Methods.-The induction of sex-linked, recessive, lethal 
mutations was investigated in the Oregon-R strain of Drosophila melano- 
gaster. Wild-type males of this strain (from one to three days in age) were 
treated with x-rays in the manner described below and then immediately 
mated in a culture bottle to virgin females of the Muller-5 stock (sce™'B 
In-S w* sc*)*. Seven to eight days after the time of treatment the parents 
were removed from the culture bottle. The F; females, all of which carry 
an irradiated X-chromosome, were aged with their brothers (Muller-5 
males) for at least two days in a fresh culture bottle in order to increase the 
chance of insemination. Approximately the first 200 F, females which 
hatched from the parent culture were separated individually after aging 
into shell vials containing one or two Muller-5 males. A preliminary ex- 
amination was made of the F; offspring for the presence of wild-type males 
by viewing the flies inside the culture vial with a binocular dissecting 
microscope. If one or more wild-type males were observed, the X-chromo- 
some being tested was classified as a chromosome with no lethal mutations. 
On the other hand, if no wild-type males were observed in the preliminary 
examination of the F; flies, the culture was set aside until all the offspring 
had hatched and then the flies were anesthetized and classified. If this 
examination verified the absence of wild-type males, a further test of this 
lethal-bearing X-chromosome was made by mating in a shell vial three of 
the F, females which were heterozygous for the Muller-5 chromosome to 
five of their Muller-5 brothers. The F; offspring were counted to sub- 
stantiate the presence of a lethal-bearing chromosome. 


Because of the intergradation between mutations that have a full lethal 
effect and those which are semilethal, the classification of a mutation as a 


lethal mutation is arbitrary. An X-chromosome was classified as having 
one or more lethal mutations if the following criterion was valid: no wild- 
type males in the F, generation and 5% or less males of this type in the F;. 
Less than 2°, of the F; cultures with no wild-type males contained less than 
twelve Muller-5 males. These were classified as lethals only if 15 or more 
offspring were present; otherwise, they were classed as failures. 


X-radiation was administered to the flies by means of a General Electric, 
Maximar Model, 250-kvp. unit which contained a self-rectifying Coolidge 
tube with a tungsten target. The inherent filtration was equivalent to 3 
mm. of aluminum. In all the experiments 250-kvp. x-rays, produced by a 
15-ma current, were used. This gave a dosage rate of about 125 r per 
minute at the target distance of 61.5cem. The dosage rate was kept con- 
stant in all experiments 
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During irradiation one group of flies was maintained in a continuous flow 
of oxygen gas and another group in a continuous flow of nitrogen gas; 
both groups being kept at a known constant temperature by means of the 
apparatus to be described. The gases, obtained from commercial cylin- 
ders, were passed through copper coils which were immersed in a water- 
bath containing either tap water or a mixture of tap water and ice. A 
beaker with two pairs of small side arms was also partially immersed in 
this water-bath, The gas, after passing through the copper coils, entered 
the beaker by means of one of the side arms. Between this side arm and 
the one on the opposite side of the beaker, was stretched a rubber balloon 
open at both ends) which contained the flies enclosed in a gauze capsule. 
\fter the gas passed over the flies, it was conducted through copper tubing 
from the beaker to the outside of the water-bath container. Two sets of 
copper coils and four side arms on the beaker made possible the simul 
taneous exposure to x-rays of one group of flies in oxygen and another group 
in nitrogen, both groups being maintained at the same temperature. The 
top of the beaker, which extended just above the surface of the water-bath, 
was covered by a lucite lid and the radiation was administered to the flies 
through this window, In addition to the four small side arms previously 
mentioned, there was one large side arm on the beaker which extended from 
the beaker to the outside of the water-bath. This side arm allowed inser 
tion of a thimble chamber into the beaker at the location where the flies 
received the radiation and also made possible the insertion of a thermometer 
into the beaker for temperature measurements 

The treatment procedure may be summarized as follows. The irradia 
tion apparatus was placed underneath the target port and the dosage being 
delivered was determined by placing the thimble chamber into the beaker. 
The thimble chamber and the electrometer used had recently been stand- 
ardized. The calculated dosage to be given was obtained by averaging the 
five dosimeter readings taken. About 150 Oregon-R males were placed in 
each of two gauze capsules and each capsule inserted into one of the bal 
loons. The gases were then passed across the flies and ten minutes later 
the temperature inside the beaker was checked and the x-ray exposure be 
gut \fter the tirne necessary for the desired dosage had elapsed, the 
tnales were removed from the gas and mated immediately to Muller-5 
females 

ix perimental Results. The data were gathered by means of 31 individual 
experiments of the type deseribed above. Chi-square tests of homogeneity 
of the three or more experiments conducted with a given gas, temperature 
and dosage show no indication of heterogeneity among the individual 
experiments. Therefore, it 1s permissible to lump the results from the 
individual experiments in which the flies received the same treatment. 
lhe lumped data showing the effects of oxygen concentration, temperature 
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and dosage on the frequency of induced lethal mutations are compiled in 
table 1. The striking reduction in the number of lethal mutations in- 
duced when the flies are maintained in a nearly oxygen-free atmosphere is 
clearly evident from this table and the curves presented in figure 1. Chi- 
square values obtained by testing the independence of the gas used on the 
mutation frequency are tabulated in the seventh column of this table. 
Phe reduction in the mutation rate in the nitrogen series is highly significant 
(P < 0.01) except in the experiments in which the flies were given 1000 r 


TABLE 1 


Errecr oF O. CONCENTRATION, TEMPERATURE AND Dosace ON LeTHaL MUTATION 
RATS 


NO 

CHROMO xUM Per 

TEMPRRATURSE SOMES her CENT 
RANGE G TESTED LETHALS LETHALS 


602 l 
608 


HOT 


605 


Lia) ¢ 


OO t 


units and kept at the warm temperature There seems no reason to doubt 
that more extensive experiments conducted at this dosage and temperature 
would provide a statistically significant difference. The results assembled 
in table | also furnish direct evidence, which substantiates the claim of 


some previous investigators,’ that more mutations are induced when the 
flies are kept at a near freezing temperature than are induced at room tem- 


perature. The chi-square values obtained from tests of independence of 
temperature on mutation rate are tabulated in the last column of table 1. 
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At all three dosage levels more mutations are produced at the lower tem 


perature when the flies are irradiated in an oxygen atmosphere, but the 
difference is statistically highly significant only in the 3000 r series. In the 
nitrogen-treated flies, on which more extensive data are available at the 
higher dosages, the temperature difference causes no apparent alteration 
in the mutation rate. At 5000 r units the chi-square value is on the border 


line of the conventional 5% level of significance. These results seem to 
indicate that the ‘temperature effect”’ is actually an effect of altered oxygen 
tension in the sperm possibly caused by differences in oxygen solubility 
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FIGURE 1 
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X-ray dosage curves for the lethal mutations induced in Drosophila irradiated in oxygen 


or nitrogen gas at 2° and 27 Cc 


and rate of respiration at the two temperatures. It should be noted that 
the control experiments conducted without irradiation are not sufficiently 
large to give any reliable information concerning a possible relation be- 
tween oxygen tension and spontaneous mutation rate 

It is evident from the figures presented in table 1 that at the higher 
dosages fewer chromosomes were tested in the oxygen-treated flies than in 
the nitrogen series. Although a large number of experiments were con 
ducted with the flies in oxygen, only a relatively small number of F, off 
spring were produced from the males which had been maintained in this 





Vow. 36, 1950 GENETICS: BAKER AND SGOURAKIS isl 


gas during irradiation. The reduced number of offspring in the oxygen as 
compared to the nitrogen series could possibly be due to any of four fac- 
tors: (1) reluctance of the males to mate, (2) sperm immotility,® (3) lowered 
viability of the treated males, or (4) increase in the frequency of dominant 
mutations and chromosome aberrations which are lethal. Experiments 
were undertaken to determine which of these factors was effective. After 
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irradiation of the Oregon-R males with 5000 r units at 27°C., sixty matings 
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FIGURE 2 
Rel ationship between the oxygen concentration at tine of irra 
diation and the number of offspring produced. On the abscissa is 
plotted the number of days after treatment during which the 


females were allowed to deposit ¢ s 
} g 


were made; each mating consisting of three males treated in oxygen and 
five Muller-5 females placed together in a shell vial. Another 60 similar 
matings were made using the males which had been exposed in an atmos- 
phere of nitrogen. Immediately after treatment the males in both series 
were checked to see if any had been killed during irradiation. Every 24 
hours after exposure, the number of males living in each culture was ob- 
served; also, ten cultures were selected at random in each gas series and the 
reproductive tracts of the five females in each culture were dissected out 
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and examined for the presence and motility of sperm. This procedure 
was repeated every 24 hours after treatment for six days. The number of 
offspring produced by each culture was counted. This gives an estimate of 
the number of offspring per culture produced from the eggs laid during the 
first 24, 48, 72, ete., hours after treatment. 

The smaller number of offspring per culture produced by males which 
were exposed to 5000 r units of x-rays while in oxygen as compared with 
nitrogen can be seen in figure 2. Since the number of progeny in the two 
gas series is the same when the parent males are exposed to the gases with- 
out radiation, it is obvious that this effect must be caused by a difference 
in the biological action of the radiation on the flies in the two gases. 

Only one case was observed of immotile sperm in the reproductive tract 
of the female and no evidence was obtained of any difference in the number 
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DAYS AFTER TREATMENT 
FIGURE 3 


Relationship between the oxygen’ concentration at time of ir 
radiation and the viability of the treated males 


of females inseminated: between 90 and 100°) of the females were in 
seminated in both series from the first day on. These observations elim 
inate the possibility that the first two factors listed above are effective 
rhe data presented in figure 3 indicate that male viability is not an im 
portant factor since it acts in the opposite direction. About one-half of 
the males exposed in nitrogen die during the first few days, while the 
viability of the flies in oxygen is not affected over the course of the experi- 
ment. Incidentally, it appears from a comparison of the two nitrogen 
curves in figure 3 that the differential killing is not only caused by the gas 
uone but is enhanced by the radiation. These findings then provide evi 
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dence that the difference in the number of offspring produced from males 
treated in the two gases must be attributed to a reduction in the frequency 
of induced dominant lethal mutations when the flies are irradiated in nitro- 
gen. Further evidence, based on the smaller number of failures of the F; 
matings in the nitrogen series, also indicates a lowering of the frequency of 
dominant sterility mutations in the absence of oxygen. 

Discussion.—It appears reasonable to attribute the reduction in the 
frequency of mutations induced in the male flies irradiated in a nitrogen 
atmosphere to a lowered oxygen tension in their sperm. It must be as- 
sumed then that the nitrogen acts as an inert gas in so far as this effect is 
concerned and, also, the assumption must be made that, by greatly re- 
ducing the oxygen concentration surrounding the flies, the oxygen tension 
in the sperm is lowered. Since Giles and Riley’ found that the reduction, 
as compared to air or oxygen, in the number of induced chromosome 
aberrations was evident when the 7radescantia influorescences were ir- 
radiated in helium and argon as well as nitrogen, there is no reason to doubt 
the first assumption. The second assumption seems most likely since the 
gas transport to the body tissues in small insects with a tracheal respiratory 
system takes place almost entirely by diffusion.’ 

The higher frequency of mutations induced in the flies maintained in 
oxygen at the low temperature is in agreement with the results expected if 
oxygen is an agent influencing the radiosensitivity of genes. A lowering 
of the temperature would affect at least two processes in such a way that 
the oxygen tension in the cell would be increased: (1) the solubility of 
oxygen in water is higher at colder temperatures, (2) with the low rate of 
metabolism associated with the cold temperature, the oxygen gradient 
across the cell membrane would be less than at the warm temperature. 
This would, in turn, raise the oxygen concentration within the cell. It 
should be noted, however, that the rate of diffusion of the oxygen would be 
lower at the colder temperature 

If the oxygen tension within the cell is a factor in determining the sen- 
sitivity of genes to x-rays, the question arises as to its mode of action. 
At the present time any answer to this question is purely speculative. In- 
creased amounts of dissolved oxygen in the cellular fluids being irradiated 
would form more of the free radicals which act as strong oxidizing agents 
and which are known to be produced in water by x-radiation. Barron, ef 
al.,* have published evidence which indicates that it is the oxidizing proper- 
ties of these radicals which cause the x-ray inhibition of the sulfhydryl 
enzymes. If such enzymes are necessary in the process of reduplication of 
particular genes, their inhibition could produce a lethal mutation. On the 
other hand, recent experiments’ indicate that organic peroxides, which have 
rather poor oxidizing properties, are effective mutagenic agents. Thus 
upon irradiation of cells with high oxygen tensions, the increased amounts 
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of organic peroxides formed would serve to increase the mutation rate 
To date, there is no evidence on which the validity of either mode of action 
can be established 

Summary.-There is a striking reduction in the number of recessive sex 
linked lethal mutations induced in D. melanogaster males when they are ex 
posed to x-rays while in an atmosphere of low oxygen concentration. 
Although an increased number of mutations were induced in flies irradiated 
in oxygen at 2°C. over those treated in oxygen at 27°C., this increase is not 
due to the temperature per se but rather it is apparently caused by a higher 
oxygen tension within the irradiated sperm at the lower temperature. 
Additional evidence also indicates that fewer dominant lethal mutations 
and chromosome aberrations are induced in flies maintained in a near 
oxygen-free atmosphere during irradiation 


* This work was done under Contract No. W-7405-eng-26 for the Atomic Energy Com 
mission, Oak Ridge, Tennessee 

t Contribution No. 32 from the Department of Zoology and Entomology 
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SOME REMARKS ON THE INFINITE DE SITTER SPACE 
By E. P. WIGNER 
PALMER PuysicaAL LABORATORY, PRINCETON 
Communicated January 20, 1950 


One can define de Sitter space as a four-dimensional space with the follow 
ing two properties. First, it is invariant under the operations of a transi 
tive ten-parametnc group. Four of the infinitesimal operators of this 
group are usually made to correspond to the components of the energy 
momentum vector, the other six to the angular momentum tensor. Second, 
the subgroup of this ten-parametric group which leaves a given point of the 
space invariant must be isomorphic to the ordinary homogeneous Lorentz 
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group. This last point ensures that the neighborhood of any point of 
these de Sitter spaces behaves like the flat space of special relativity 
(Minkowski space). 

The best known examples of de Sitter space in the above sense are, first, 
the flat space of special relativity, and, second, the ordinary de Sitter 
spaces. In the former case the ten-parametric group is the inhomogeneous 
Lorentz group, i.e., the union of Lorentz transformations with the displace- 
ments in the four directions of space and time. This space can be regarded 
as a special case of the ordinary de Sitter spaces. The latter can be repre- 
sented as the four-dimensional surface 


x? + x,” 4. xs? + x4* a x5" = g? (1) 


in five-dimensional space. The ten-parametric group is, in this case, the 
4 + 1 dimensional homogeneous Lorentz group, i.e., the group of linear 
homogeneous transformations which leave the form (1) invariant. Given 
an arbitrary point of this space, ¢.g., x4 = @, X, = X%_ = X%; = x5 = O, the 
subgroup which leaves it invariant is indeed the ordinary homogeneous 
(3 + 1 dimensional) Lorentz group: it is the group which leaves x,? + x)? + 
v;? — xs" invariant. One sees that the ordinary de Sitter space is in a 
sense more symmetric than the Minkowski space because all the infinitesi- 
mal elements of its group are on the same footing. Four of the infinitesimal 
elements of Minkowski space, i.e., the translations, are distinguished inas- 
much as they form a four-parametric commutative subgroup. The Min- 
kowski space can be obtained from the ordinary de Sitter space by setting 
a = @ in (1) and restricting the space with the conditions x, %, Xs, %» < 
a, X4 * a,i.e., to the neighborhood of a point. 

The de Sitter space (1) has a finite extension in the sense that, given any 
point P (e.g., the point x, = a; x; = X, = xy = x5 = 0) and any time-like di- 
rection in that point (e.g., the intersection of (1) with the xgx, plane), the 
geodesics through P, which are perpendicular to the chosen time-like di- 
rection, are finite. Three such geodesics in the above case are the inter- 
sections of (1) with the x,x4, X9%4, xsx4 planes. These geodesics form circles 
in the underlying five-dimensional space and return to P after a distance 
2na. Neither is it possible to make this space infinite by considering the 
point at the distance 27a on the geodesic which is, for example, in the 
vx, plane, to be different from the original point P. The reason is that one 
can deform the geodesic in question continuously into a curve of zero 
length by tilting the plane x,x, about the x, = @, x, = x, = x5 = 0 axis in 
the x, direction, i.e., by considering the intersection of (1) with the planes 


X_ = (x, — a) tgd (2) 


and increasing } from 0 to #/2. Hence the ordinary de Sitter space (1) ts 
essentially finite in extension. 
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The question arises, therefore, whether or not there is a really infinite 
de Sitter space. The purpose of the present note is to point out that there 
is. [tis formed by the four-dimensional surface 


x? + x)? + x;? — x? — x = -- a? (3) 


in five-dimensional space. Its group is the 3 + 2 dimensional Lorentz 
group, i.e., the group of linear homogeneous transformations which leave 
(3) invariant. Choosing an arbitrary point P on (3), e.g., the point x, = 
a, X, = X; = Xy = xy = O, the subgroup which leaves this point invariant is 
again the ordinary homogeneous Lorentz group. 

The space (3) is contained in the enumerations of both Friedmann! and 
Robertson.? It is clearly infinite. If one considers the point P as above, 
and as time-like direction the intersection of (3) with the xgx, plane, geo- 
desics through P which are perpendicular to the chosen time-like direc- 


tion are 
x, = a Chy; x, = a Shy; all otherx = 0 (4) 


with a = 1,2,3. These have infinite lengths and are completely space-like 
i.c., there is no time-like line through any two of their points). 

By suppressing the coordinates x; and x3, one can make a diagram of the 
surface (3) which looks exactly like the corresponding diagram obtained 
by setting x, = x, = Oin (1). However, the geodesics which are space- 
like if the diagram is considered to represent the finite de Sitter space, 
are time-like if it is considered to be a representation of the infinite de 
Sitter space (3). The diagram, figure 1, shows indeed that the space of (3) 
is infinite but also shows that its time is finite or, rather, periodic. 

Geometrically, this is not necessarily true because one can replace the 
space (5) with its covering space. This can be done, for instance, by in- 
troducing new varnables 


v4 p cos oO: x5 = — sin 3 (5) 


and not identifying the points the 3 of which differs by 2x. In contrast to 


the de Sitter space (1), this is a possible procedure because the different 
signature of the suppressed coordinates x, and x, in (3) prevents the line 
5) in (3) to be contracted. However, it is doubtful whether in non quan- 
tum theory the covering surface differs essentially from the original sur- 
face because all geodesics (which are the intersections of (3) with planes 
through the origin x; = x; vy = Xy = X5 = 0) which start from a point P 
will return to that point. As a result, at least in the approximation in 
which the world lines are geodesics, the world is periodic with the period 
°ra (actually with the period ra) no mater what the initial distribution of 


the masses 1s 
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The purpose of the present note is to point out that there is an essential 
difference between the properties of the infinite de Sitter space as viewed 
from the quantum rather than the non quantum theoretic point of view. 
The reason is that not all wave functions have to be periodic in the @ of 
(5) with a period 2, in fact they can differ by any factor of modulus 1 be- 
tween two points of the covering space which correspond to the same point 
P of the space (3). This is equivalent with the statement that the wave 
functions, if regarded as functions of, say, x), %2, Xs, 9 and #, need not be 
periodic in & with a 29 period. 

There is one further remarkable 
fact about wave functions in either \ 
the space of (3) or in its covering \ 
space. The wave functions of ‘ele \ 
mentary systems’’ in (3) are given by \ ae 
the irreducible representations of the \ a 
group of (3), that is the 3 + 2 di / 
mensional Lorentz group. Barg t 
mann and G. W. Whitehead*® have 
determined the topology of this 
group: It consists of the direct prod “— \ 
uct of a three-dimensional rotation Pe a ® 
group (2 parameters), of a six-di \ 
mensional euclidean space (6 param \ 
eters) and of a_ two-dimensional \ 
rotation group (1 parameter). The FIGURE 1 
representations up to a factor of this 
group have, therefore, one- or two-valued character, corresponding to the 
presence of the three-dimensional rotation group in the topology of the 
group of (3). They have, furthermore, one of an infinite number of char- 
acters corresponding to the infinitely many-valued representations of the 
two-dimensional rotation group. These correspond to the possibilities of 
representing the subgroup of rotations in the xyx, plane by any of the ma- 
trices e**, where « is not necessarily an integer but can be, in fact, entirely 
arbitrary. In every irreducible representation of the whole group only 
those representations of the subgroup will occur in which the fractional 
part of « is the same, i.e., which differ by an integer. As a consequence, 
the fractional part of « is, in the space (3), an integral of motion, just as the 
integer or half integer character of the spin is an integral of motion in or- 
dinary quantum theory 

If we consider, on the other hand, the physical space as the covering 
space of (3), the existence of the different types of representations will re- 
move the periodic character of the world. The extra integrals of motion 
will remain, however, because those transformations of the covering space, 
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which leave the subspace (4) invariant, commute with all symmetry opera- 
tions of the group of the covering space. 

There is no obvious physical interpretation which one could give these 
integrals of motion. The fact that the topological structure of the world 
influences in quantum theory the integrals of motion remains remarkable 
enough to be recorded 

Friedmann, A., Z. Physik, 10, 377 (1922); 21, 326 (1924) 
* Robertson, H. P., Rev. Med. Pays., $, 62 (1933) 
Unpublished, personal communication of Dr. V. Bargmann 


THE EFFECT OF SEMINAL PLASMA ON FERTILIZED RABBIT 
OVA* 


By M. C. CHANG 


Worcester Founpation ror ExpertmentalL Brotocy, Sarewseury, MASSACRHU 
seTTs, AND DeparTMeENT OF Puystotocy, Turrs Meprca. Scoot Boston, Massa 
CHUSETTS 
Communicated by G. B. Wislocki, January 11, 1950 


Seminal plasma, the secretion of the male accessory glands, is the 
natural fluid for the transportation and survival of spermatozoa. This 
fluid, however, has a harmful effect on fertilized ova as demonstrated in 
the following experiments 

Vethods.--Fertilized rabbit ova (in 2 cells) were flushed out with rabbit 
serum from the fallopian tubes of superovulated does about 15 hours 
after ovulation. The seminal plasma was obtained by centrifugation of 
fresh human, bull or rabbit whole semen. The seminal plasma of vasec- 
tomized rabbits without centrifugation was also used. The seminal 
plasma in undiluted form or after heat treatment, or diluted with fresh 
rabbit serum, was used to culture freshly recovered ova in a Carrel flask 
for 1 day at 38°C. To prevent infection, penicillin was added. Ordina 
rily, 2-celled ova, cultured in rabbit serum for | day, cleave into 12 to 16 
cells or occasionally into 32 cells. In the present study, all ova which 
had divided into 7 cells or more were arbitrarily classified as normal, while 
those which showed cleavage of less than 7 were considered abnormal. 

Results: Ovum Culture in Seminal Plasma.—Table 1 shows the results 
obtained when fertilized rabbit ova were cultured in seminal plasma of 
man, rabbit and bull, diluted with rabbit serum. The harmful effect of 
heterologous as well as homologous seminal plasma on rabbit ova is clearly 
shown \ll of the ova disintegrated in undiluted rabbit or bull seminal 
plasma, and only 1 out of 16 cleaved normally in human seminal plasma. 


©), rabbit serum, 


When bull or rabbit seminal plasma was diluted with 75 
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none of the ova divided normally in bull plasma, whereas half underwent 
cleavage in rabbit plasma. Thus, the strength or concentration of the 
harmful substance varies in different species in ascending order as follows: 
human, rabbit and bull. 

The inhibition of cleavage and disintegration of ova in seminal plasma 
are not due to lack of nutrients, but to the presence of a harmful substance, 
because ova divided normally in 0.9°% NaCl containing 25°) rabbit serum. 
Since seminal plasma of both vasectomized and normal rabbits showed 
similar harmful effects (table 1), the inhibitory substance must be a com- 
ponent of the secretion of the accessory glands instead of a product of the 





spermatozoa. 
TABLE 1 
CLEAVAGE OF FerRtTILIzep Rasair Ova Cuirurep ror |! Day ar 38°C. tv Seminar 
PLASMA VaARIOUSLY Di_urep wirn Raserr Serum 
MILUTED WITH 
RABBIT TOTAL NO, SHOWING 
SeRUM NO. OF NORMAL 
SEMINAL PLASMA OF OVA CLBAVAGR 
Man 0 16 1 
50 17 8 
75 i4 a 
87.5 9 7 
Rabbit 0 18 0 
50 2e 0 
75 19 9g 
87.5 10 6 
Vasectomuized rabbit 0 10 0 
50 ” 0 ' 
75 17 11 i 
87.5 16 12 a 
Bull 0 17 0 7 
50 22 0 H 
75 21 0 : 
87.5 19 6 i 
i 
Hl 
When rabbit ova were treated with undiluted rabbit seminal plasrna for ; 
10, 20, 40 or 80 minutes at 30°C. and then cultured in serum for | day, s 


10 out of 54 (74°) cleaved. It seems that, unlike the ovocidal factor 
present in the heterologous serum,' the harmful substance in the seminal 
plasma is not immediately lethal, but exerts its harmful effect after a longer 
period of time. 

Characteristics of Ovocidal Seminal Plasma Factor.—Table 2 presents 
data obtained when seminal plasma was heated at 55°C. for various 
lengths of time and then used for ovum culture. The inhibitory effect of 
undiluted seminal plasma was not abolished by the heat treatment, but 
the cleavage percentages in the serum-heated plasma cultures suggest 
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some destruction by the heating of the inhibitory factor. This is em 
phasized by the complete failure of the ova to undergo cleavage in 50% 
serum-unheated plasma (data of table 1). In a subsidiary experiment, 
bull and rabbit seminal plasma were stored at 5°C. for 2 weeks and each 
was then mixed with equal volumes of blood serum. Cleavage of 75°; 
of the ova cultured in this mixture suggests that the inhibitory factor is 
lost with time 

Rabbit ova were cultured at 38°C. or stored at 10°C. in rabbit semunal 
plasma or serum-semimal plasma mixtures for 1 day. Normal cleavage 
was not observed. Then the ova were cultured in undiluted serum for | 
day at 38°C. Table 3 presents the results. It is clear that the seminal 
plasma effect is most pronounced at body temperature. Since ovum 


TABLE 2 


CLUBAVAGE OF Raparr Ova CULTURED IN Rapeit Seminar Plasma HATED FOR VARIOUS 
LENGTHS OF TIMR 


SERMINAL PLASMA tee Ten with 


mearen at 55° RARHIT SHRI M TOTAL NO NO. SHOWIN CLEAVAGE# 
MINUTES ¥ OVA CLEAVAGE , 
wi t) 1S {} a 
yf 26 i 23 
1°) { 1S it a 
a ii me 8) MO 
TABLE 


CLeavace or Ranatr Ova Curirurep tn Serum FottowinG CuLrure tn Seminal 
PLASMA For 1 Day 


we tMaNYT nePrOR?P CULTURe <“LEAVAGE (IN UNDILUTED “eet™ ar 3S 
HMLUTeD wire 
tume chin TOTAL NO N« SHOWEN CLEAVAGE 
Fr OVA tLRAVAGE 

ts ) 12 i 0 

Mi} 21 ; 19 

id i. 10 . #6 

) ai 13 fi2 


disintegration occurred only after the elapse of 8O minutes in undiluted 
seminal plasma at 30-35°C., the harmful effect involves either a slow proc 
ess or the accumulation of metabolic products of the seminal plasma.’ 
The ovocidal substance in diluted form may have inhibitory action be- 
cause no ova cleaved in seminal plasma containing 50° serum at 38°C., 
but there was 19%, cleavage when the ova were subsequently cultured in 
undiluted serum (table 3 

Che ultrafiltrate of bull or rabbit seminal plasma diluted with 50°; of 
serum does no obvious harm to the ova, suggesting that the harmful sub 
stance is of large molecular size. Seminal plasma contains about 10 times 
the amount of phosphorus contained in serum.‘ The high concentration 
of phosphorus compounds derived from the seminal vesicles* and the large 
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amount of phosphatase onginating in the prostate glands‘ lead one to 
suspect that the harmful substance may be a heat labile, organic phospho- 
compound, emanating from these glands or derived from the metabolism 


of seminal plasma. 

Rabbit blastocysts, recovered from the uterus at either 4 or 6 days after 
mating, were cultured in rabbit seminal plasma containing 50°) of serum 
at 38°C. for 1 day, but no obvious evidence of damage was observed and 
ovum growth approximated that observed in control cultures. In con- 
trast, it is interesting to note that 4- to 6-day rabbit blastocysts in the 
normal uterine environment are extraordinarily dependent on a hormone- 
labile nutrition, since ovariectomy* or estrogen administration® prevents 
their growth and development tm vive. Early rabbit ova, on the other 
hand, exhibit normal cleavage under these conditions which affect the 
blastocysts so adversely.’ It is evident therefore that at their various 
developmental stages rabbit ova exhibit markedly different susceptibilities 
to factors affecting growth and development 

Summary.—Human, rabbit and bull seminal plasma causes the disintegra- 
tion of fertilized rabbit ova and inhibits cleavage even when diluted with 
rabbit serum. The toxic factor appears to be most concentrated in bull 
seminal plasma and least so in human seminal plasma. The toxic factor is 
thermolabile, and disappears during prolonged storage at 5°C. Its typical 
action occurs after a measurable latent period which increases with in- 
creasing temperature. 

* This investigation was supported by a grant from the Committee on Human Repro 
duction, National Research Council, acting on behalf of the National Committee on 
Maternal Health. Thanks are due to Dr. G. Pincus for encouragement during this 
study 

' Chang, M. C., J. Gen. Pirysiol., 32, 291 (1949) 

* Corner, G. W., Am. J. Physiol., 8, 74 (1928) 
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* Lundquist, F., Nature, 158,710 (1946 

* Mann, T., Biochem. J., 39, 451 (1945) 

* Pincus, G., Cold Spring Harbor Symposia of Quantitative Biology, $, 44 (1937), 
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ABSOLUTI! AND UNCONDITIONAL CONVERGENCE IN 
NORMED LINEAR SPACES 
By A. DvoretzKy ANb C. A. RoGers 
Insrirure Por Apvancep Srupy, Princeton, N. | 
Communicated by Marston Morse, January 30, 1950 


Let B be a real Banach space and denote by x the norm of an ele 
mentxofB. The series 
per ae Oy ee 1) 


is called absolutely convergent if }> x.) < ©; itis called unconditionally 


— 
rearrangement of the sequence (x,);. An equivalent definition of un 
conditional convergence of (1) is obtained by requiring }> * x, to be con 


convergent 1 1 SCTICS y, Converges whenever 1¢ Sequence (y ry is a 
gent if tl ries >> verges wher tl | Vet 


vergent for every choice of the signs. There are several other equivalent 
definitions; most of these have been discussed by T. H. Hildebrandt.' 

It is clear that if B is of finite (linear) dimension then (1) is uncondi 
tionally convergent if and only if it is absolutely convergent. . The problem 
of finding the spaces for which these two types of convergence are equiva 
lent is mentioned by S. Banach Phe primary aim of this note 1s to settle 
this problem by proving the following result 

Purorem |. The uncendttionally convergent series coincide with the ab 
solutely convergent series if and only if the space B is of finite dimension 

Here the only non-trivial assertion is that, if B is of infinite dimension, 
there is a series (1), which is unconditionally but not absolutely convergent. 
It is easy to give examples of such series in Hilbert space and similar ex 
amples have been given’ for all the usually encountered infinitely dimen 
sonal Banach spaces. Interesting partial results on the problem solved by 
Cheorem | have been established by M. E. Munroe‘ and S. Karlin.’ The 
two last mentioned papers treat also some related problems and give vari 
ous consequences of Theorem | 

Our method of proof yields not only Theorem | but also the following re 
sult 


Purorem 2. Jf B ts of infinite dimension and ¥‘c, is any convergent series 
of postiwe flerms, then there exists an uncondttionally convergent sertes (1) 
iHisiving x ¢, torr d 
Applying this result with v~'llog (1 + v)| ~* we obtain 


Corouuary: Jf B ts of tnfintte dimension then there exists an uncondt- 
tonally convergent series (1) having the property that 2: Ri © for every 
i} 


Pheorem | ts obviously an mmmediate consequence of this Corollary. 
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If B is a Hilbert space then }> |x,)'*< © for every unconditionally con 
vergent series (1). Thus Theorem 2 and its Corollary are in a certain sense 
best possible results 

A result (Lemma 1) concerning convex bodies in Euclidean space is 
proved in section 2. In section 3 this lemma is used to prove Theorem 2, 
and remarks are made concerning its extension. In section 4 some geomet- 
rical properties of convex bodies are obtained from Lemma |! and from 
the construction used to prove this lemma 

2. We consider the n-dimensional Euclidean space of points U = 
(my, ..., @,) and use the usual vector notation. We first prove our main 


lemma 
Lemma |. Let C be a body® which is convex and has the origin O as center, 


and let r be an integer with 1< r<n. Then there are n points Ay, ..., Ay 
on the boundary of C such that, if »,, , \, are any r real numbers with 
l1<r<n, then the point \,A; + \2 Az + ... + AA, 45 in the body XC where 


rir 1) 
te 2 + ] A,” + As* 4 t A (2 


Proof: We inscribe in C an ellipsoid with O as center having the largest 
possible n-dimensional volume. Since it is enough to establish the lemma 
for any affine transform of C, we may assume that this ellipsoid is the 
sphere S of unit radius 

We first show that after a suitable orthogonal transformation has been 


applied there will be r points A,, A, of contact of C with S, satisfying for 
j= ] 4 me 4 
1, Geir Iga Bas 0) ~ 
‘ ac eee l (3) 
a," + Y Oggi l 4, 3 ‘| 
n 
For r | this is clear; assuming it for r m | < m we prove it forr = 


m. ‘The ellipsoid 


L + e)*~-**"(u,* 4 tT %q~3°) 7 
(1 + € -+ 6) -**"(u,,7 4 + “,°) S 1, fe >) {4) 
has a volume larger than that of S.. Hence there is a point A Ale) 
(ay, a,) on the boundary of C in the ellipsoid (4). But, since A being 
on the boundary of C is not inside the unit sphere, we have a,* + ... + 


a, 2 1 It follows that A satisfies 


If e -* 0 through a suitabie sequence of positive numbers the corresponding 
sequence A(e) will converge to a point A, It is clear from (4) that A,, is 
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a pomilt of contact of S and the boundary of C, while from (5) we have in 
the himuat 


a 


n m+ 1) (@.;*7 +. + Omin-t)’) + 
] 


(—~m + 1) (dam? +... + Gun?) S$ 0. (6) 


By a suitable orthogonal transformation of the variables u,,, .. . , ,, leav 
ing the points A), , A... invariant we may make the last n — m coor 
dinates of A, vanish. Then, using (6) and the equation a,,;7 + ... + 
Bee | we obtain (3) with p = m. Thus (3) is proved for p = 1,2,...,m 

Let Ax, , A, be any real numbers. By (3) the square of the distance 
from O to the poimt AA, 4 + \,A,is 


> ( y Aste ) $2 | 20. a hey, z Mare) | 
emt Wee ge ht. og et 
< 3 2 [aia T (45 ; B a.) 
em} : pweer cme : 


’ min Hh l. fr i 
ae eS, a ® 1,2 
2D int+ Dee etlay 
i = | 


” ? ° 


But by (3), the last expression is less than or equal to 


ms a | rip— 1] .2 P 
25 (14+ 5 ate [24+ SPE ee 
~ | a ae | " ~ 


Phus the point A.A; + ... + A.A, is contained in the sphere XS and so is 
contained in the body AC. This proves the lemma. 

3. Before we prove Theorem 2 it is convenient to obtain the following 
consequence of Lemma | 


Lemma 2. Let B be a Banach space of infinite dimension and let c,, . 


be any gtven posttive numbers. Then there exist points x, ..., x, in B 
with |\x,)|? C, for p I, , r and such that, if >’ denotes the sum over 
any subset of the numbers 1, _¥, then 

L's, i\* S 32,'¢,. (7) 

Proof: Write nm rir | As B is of infinite dimension we can 
choose n linearly independent elements 2, . . 2. Then the points U = 
(4, , &,) with m2, + + ut.) < | form a convex body C with the 
origin as center in #-dimensional Euclidean space. Let A;, ..., A, be the 
points given by Lemmal. Writing A, = (a,;,...,@,.), we put 

+, = ¢, (a, 2) t T BiySq!}, p = Ta 6 Vi 
Then, as Aj, , A, are on the boundary of C, we have |jx,)? =c,, for 
p=, _r. Further, as the point )>’c, ‘A, is in AC where A? = 35° c 


it follows that (7) is satisfied. This proves the lemma 
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Proof of Theorem 2; Choose a strictly increasing sequence m, = Q, m9, Mma, 
.. of integers such that the series 


is convergent. By Lemma 2 we can choose x, for n, < » < m,4, so that 


4 


v, |? = cand || > x,)|*< 335%c,, the sum }>"” being taken over any sub- 


. 


set of the integers v with mn, << »y < n,,,. Let yy, be any rearrangement of 


the series > x,. Lete >Qbe given. Choose r so large that 


5 ( 


Choose p so large that the sum 5° y, includes all the terms x, with » < m,. 


’ Np 


Then for any g > p we have 


Since B is complete it follows that Sy, is convergent. As this is true for 
every rearrangement of }>v,,the series }>v, is unconditionally convergent and 
Theorem 2 is proved. 

We note that the completeness of B was used only to deduce the con- 
vergence of }>y, from its Cauchy convergence. Hence we have (with ob- 
vious meaning of unconditional Cauchy convergence) 

Tueorem 3. Let N be an infinitely dimensional normed linear space 
over the reals and >°c, be any convergent series of positive numbers. Then 
there exists an unconditionally Cauchy convergent series }x, of elements of 
N satisfying |\x,||? = cv = 1,2,...). Im particular there exist such series 
with >> xi; = @, 

Since a complex Banach space contains a real one, it ts clear that Theo- 
rems | and 2 hoid for complex Banach spaces. A similar remark applies 
to Theorem 3. 

i. In this section we prove some geometrical results. The first result 
shows that Lemma | can be considerably improved in the special case where 
r=nandd\,; = + 1,...,A. = #1 

Turorem 4. Let C be a convex body with the origin U as center. Then 
there are points P,,..., P, on the boundary of C such that all the 2" points + 
P, =... = P, arein the body 2n''C. 

Proof: Forn > 1 letgq,7, s be the non-negative integers defined by 

1} < 2n rir + 1), n= gr + 5 s< re. 


Let A;, , A, be the points thus denoted in Lemma 1 and for / 
n put P A where v(/ ti(modr} and 1< v(t) <r 
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Chen all 2" points = P, = . « P, are of the form \,A; +... + A,A, 
where the integers A, satisfy the inequalities 


wSat!l fori <v< s, AS q for s<vser. 


. 


? 


Hence, by Lemma | all the 2" points considered are in the body uC where 
r(r 3 geal 
ld [2 + | > dh? < 4 [sq + 1)? + (r — s)q’}. 
nt y= 1 


laking account of (8) it is easily checked that s(qg + 1)? + (r — s)g? <n” 
form >1. The theorem being obvious form = 1, is thus completely proved 

Remark: It is of some interest to find the exact dependence of yu on n 
Our method, though capable of improving the constant 2 in this theorem, 
‘* When C is a sphere 
then an enlargement by the factor n ‘is sufficient. Perhaps this is gener 


cannot improve the power in the estimate p< 2n 


ally true, but we cannot prove it form > 3. 
We give a proof for n = 2 in the hope that it may be generalized to other 
values of m. Let B be the two-dimensional Banach space whose unit sphere 


is C. Given any point P,; in this space with ||P; | = 1 there exists, by con 
tinuity, a point P, satisfying ||P;) = land ||P, + P;|; = ||P; — P:. Let 
a denote this common norm, then also ||:+ P; * P; = a. Now put 


—i (P, + P2)/a, Qe (P, P,)/ a, then | ?;)| = Q2)| = land | *& Q, = 


Os 2/a. Since min.(a,2/a)< 2 


¥ 


: the proof is completed 
The following results are simple consequences of the construction used 
in proving Lemma |. We include them since they seem to be of some 
geometrical interest 

Pueorem 5a. Let C be a convex body with the origin as center. Then 
there is an ellipsoid & contained in C and a parallelopiped & containing C 
with volumes V(&) and V(®) satisfying 


| yp a n® : 
< ‘ (Y) 
na 988 ; 
Vie ye\n 


where J, ts the volume of the unit n-dimensional sphere 

Proof: Take & to be an ellipsoid with O as center having the largest 
possible volume. As m the proof of Lemma |, we may suppose without 
loss of generality that 6 is the unit sphere S and denote by A), ..., A, 
points of contact of C and S satisfying (3). As C contains S the only tac 
plane to C at A, is the plane a,,4; + ... + a,,4, = 1. Thus Cis contained 
in the parallelopiped & defined by a,,u; +... + 4,4, 1l,r = 1,2,..., m. 
By (3) the volume of ® satisfies 
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THEeoreM 5s. Under the conditions of Theorem 5a there is an ellipsoid & 
containing C and an “octahedron” © contained in C, with 
| | & ' 2 . 
- < ('/,)"*J, (nin*) (10) 
(0) 
Proof: The result follows immediately by application of Lemma 3 to 
the body A which is the polar reciprocal of C 
TreoreM 6. Let Cand K be convex bodies with the origin as center, which 
are polar reciprocal. Then their volumes satisfy 


Y at 5 Spat tae ‘nm 
<< V(C)-VIK < 2°J, ( ) ! (1) 


(n'n™) n! 


Proof: By Lemma 3 we may suppose without loss of generality that C 


neatly 


contains the unit sphere S and is contained in a parallelopiped & with vol- 


Vie < 2 (“*) ; (12) 
n 


Then A is contained in S and contains an “‘octahedron'’’ © with 


ume V(@) satisfying 


, 


V0) > -——7, (13) 
(n'n™) 

The inequalities (11) now follow trivially from (12), (13) and the inclusion 
relations Sc Kc Pando cAKecS 

The bounds on the right of (9) and (10) can be written in the form 
(yan)"’* where y, tends to a positive limit as m tends to infinity. It is easy 
to see that it is impossible to obtain such bounds with 7, tending to zero as 
n tends to infinity. The bounds in (11) are considerably closer than those i 
obtained by K. Mahler’ but they are probably very far from the best pos- 











sible 
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THE REGION OF VALUES OF THE DERIVATIVE OF A SCHLICHT 
FUNCTION* 


By Argtruur GRAD 
Ovrice oF NAVAL Researcn, Wasninoron, D. C 
Communicated by S. Lefschetz, December 10, 1949 


We sav that a function 


belongs to class $ if it 1s regular and sechlicht in jz < land a, l. The 
: purpose of this note 1s to indicate how the variational methods developed 
! by A. C. Schaeffer and D. C. Spencer’ * can be used to determine the 
region of values covered by /'(%), when /(z) ranges over the class 8, and 
: to is any fixed point in |z <1. A more detailed discussion will appear in 
i reference 2. We denote the region by R(z). Henceforth, without ex 
plicit statement to the contrary, f(z) belongs to class § 
The region Riz») is essentially the solution to a more general problem. 
Let 


: @ as) 24 
f e u tt + dvi tT adel T 


be regular and schlicht in a simply connected domain \ containing the 


. origin, and let w = w(s) be the function belonging to class § which maps 
‘ the unit circle on D. If we write f(w) = F(s), then F(z) belongs to class 
F S. Writing w = w(t), we have F’(e) = f'(wo)w'(m). Since w'(z 

depends only on D and go, not on /, it follows that the region of values at 


the point w, of functions regular and schlicht in D is simply a Euclidean 
magnification and rotation of R(z.), the magnification factor being 2’ (w 


: It suffices to consider the case where % is real and positive, because 
: Fiz e~*f(e"s) belongs to class 8, and F’(z f(e's We shall 
therefore take 2 a te 1. Before explicitly determining R(r), 


various of its geometrical properties are readily established 

Since the class § 1s compact, Air) is closed. It 1s also bounded, the 
precise bounds being given by the well-known distortion and rotation 
theorems, A(r) has two symmetries. It is symmetric with respect to 
the real axis, since fis) belongs to class § Making the transformation 
2 w+ | + rw) and then normalizing, f(s) 1s transformed into a 


function F iw), belonging to class 8, for which 


Thus Rir) is symmetric by inversion in the circle about the origin of 
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Clearly R(r) varies continuously with r, for if f'(r) is any point of Rir), 
then given ¢, there exists aé such that f'(r + Ar) — f(r)’ < efor} Ar) < 4, 
so there is a point of R(r + dr) arbitrarily near any point of R(r) for Ar 
sufficiently small. The region R(r) expands with increasing 7; that is, 
Rir,) ¢ R(rz) forr,; < re. Writing r; = pre, 0< p< 1, let g(s) = f(ps)/p. 
Then g(s) belongs to class 8, and g'(r. f'(r Thus any point f‘(r;) of 
R(r;) is a point g‘(rz) of R(rs 

If f’(r) 1s an interior point of R(r),; then /'(r) belongs to R(ir — Ar) pro 
vided that Ar is sufficiently small. Hence there is a function g(s) of class 
$ such that g’(r — Ar) = f'(r); that is, g’(or) = f(r), where p = (r — 
Ar)/r. Writing A(z) = g(pzt)/p, we have A‘(r f(r}, where A(z) is 
bounded in |z| < 1. Conversely, if a function /(z), belonging to the point 
f'(r) of R(r), is bounded or satisfies the weaker condition that the map 
of |z| < lL by w = f(s) has an exterior point wy, then we can find an e > 0 
such that the circle w — wy) < ¢€ is exterior to the map of the unit circle 
by f(s). It follows that the function 


belongs to class 8, where @ 1s an arbitrary real number. Differentiating, 
we find that 


itr { f(r) 


wo? | flr 


which implies that a complete neighborhood of f(r) belongs to R(r), and 


f(r) is an interior point. 

If 0 < p < 1, the function f(pz) /p belongs to the point f’(pr) of Rfr) 
The point f’(pr) is an interior point of R(r), since f(pz)/p is bounded, and 
it follows that R{r) is a closed domain. We note that if @ is real, then the 
curve f’(re’*) lies in R(r). Hence at a point f’(r) on the boundary of 
R(r) where it has a tangent, f’(r) defines a vector normal to the boundary. 
It will be shown later that the boundary of R(r) has a tangent everywhere. 

Although it will also be shown in the sequel that R({r) is simply con 
nected, the region is not schlicht for r > 1/4/2. This is owing to the fact 
that arg f(r), arg f'(0) = 0, can exceed # in magnitude when r > 1/+7/2 
For this reason it is better to consider the set of values at z = r of that 
branch of log f’(z) which vanishes at z = 0. Since for any function /(z) 
the derivative f’(z) does not vanish in |z' < 1, we see that any branch of 
log f’(z) is single-valued in |z| < 1. Let L(r) be the domain of values of 
the branch of log f’(z) at z = r which vanishes at z = 0 

For convenience we refer to functions f(z) for which log f’{r) lies on the 
boundary of L{(r) as boundary functions. To each point on the boundary 
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there corresponds a unique boundary function. Henceforth, without 
explicit statement to the contrary, we will interpret log f(z) as that 
branch defined in |s < 1 which vanishes at s = 0. 

», It was proved by Schaeffer and Spencer* that boundary functions 


must satisfy the differential equation 


‘ s dw ow a 
tie , 
ae - 
w ds (w a 


s— €°)*(s ~ pe*)(s — e*/p 
é . . > (2.1) 
(g — r)*(g ~— l/r 
where the right side is non-negative on |} = 1, and 
ete + Hy r?)? (y ery, — pe*)(r —e'"/p (2.2) 
Here ¢, ¥ and p are real constants, 0 < p< 1,anda = w(r). Integrating 
2.1) and taking limits as zs - 0 and s — 7, we obtain 
] wm str) + p 
log f'(r 2 log >” (+ 28 log 
Sir Pp 
j (I p)(p s(r)|?) 1 + sr 
60 Sao t 2 arg Ls wr, (2.3 
' (1 + p)(p + js(r)i*) l s(r)f 
where 
~ »* d 
s— pe° 
: 5 = er p 


Che logarithms and argument are principal values, and /m s(r) < 0. An 
indeterminacy of 2mx + 2nrt has been resolved through the substitution 
of the Koebe functions, f(s z/(1 * s)*, which are known to be boundary 
functions 

For0 <r < 1/72, the region L(r) is bounded by a closed curve given 
by (2.3 rhis is actually the equation of a curve, since there is but one 
real independent variable; indeed, for each ¥ there are unique p and e’* 
which satisfy (2.2 Any boundary function w = f(s) maps |z) < 1 onto 
the exterior of a single analytic slit in the w-plane extending tow = ©. 

For 1/V2 <r < 1, the region L(r) is bounded by two arcs alternating 


with two straight-line segments The ares are given by (2.3) for ¥ in 


the intervals 


c/4 y w/4 o 
(2.4) 
r/44 y iw/4— 7 
Here + r(r irc cos Li y/2r, 0 < + < w 4. A boundary function 
corresponding to a point on these ares maps (z) < | onto the exterior of a 


single analytic slit im the w-plane extending to x © asin the preceding 
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case. For y¥ at the ends of the intervals (2.4), we obtain the remainder of 
the boundary of Lir), consisting of the two straight-line segments of 


extreme imagmary part 


Co(r) S Re log f’(r) < C,(r), 
Im log f'(r) = (log 


where 
log ir T % Dr? 
log (7 V/ 2r? 


\ boundary function corresponding to a point on these line segments has 
extreme imaginary part and maps |z| < | onto the exterior of a slit in the 
w-plane. The slit consists of a straight-line segment extending from a 
finite point to w » and two arcs which are symmetrical with respect 
to the straight-line segment and meet it at its finite end to form three 


equal angles. In the case of boundary functions corresponding to the end 


points of the line segments (2.5), one of the two ares degenerates into a 
point 

3. For fixed r, the boundary of R(r) has been represented in parametric 
form, the boundary functions varying continuously with the parameter 
of the boundary. If f(s) ts a boundary function, then F(z) = f(pz)/p 
belongs to class Sfor0< p< 1. Letting p vary from 1 to 0, we obtain a 
homotopic deformation of the boundary of R({r) into the point F’(r) = | 
Thus R(r) is simply connected, 

For 0< r< 1/2 the boundary of R(r) has been shown to be analytic, 
and for 1/1/72 <r < 1, it has been shown to be analytic with the exception 
of four points. We will now show that even at these four points the 
boundary has a tangent. Consider the function 


tet 


i Ho 


where 7 1s a small complex number Phe function 
, [D(z (0 
(0 


clearly belongs to class $. Now let f(z) extremalize Jmle~*'f’(r)], where 
is some fixed real number. Upon differentiating Jm[{e~'F’(r)| with 


respect to 7, it readily follows that 


Qasf’(r)] + ev rirf* (1 
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Let f(s) be the boundary function corresponding to one of the points 
where the straight-line segments (2.5) meet the arcs (2.3). If f*(r) ¥ 0, 
the curve /’(re’’), @ real, lies in R(r) and has a tangent at the point in ques- 
tion. Hence the interior angle of the boundary at the point is not less 
than s. If f*(r) = 0, then by (3.1) 


ivy? 


det (r) = rée"f'(r). (3.2) 


Since f’(r) # 0, we see that a, ~ 0. If the internal angle were less than 
x, there would be infinitely many values of +r satisfying (3.2) for the sar 
function f(s), and so for the same values of a, and f’(r). This is impossihie 
Hence the internal angle at the point is not less than 7. However, the 
internal angle cannot exceed +, since arg f’(r) is maximal at the point. 
Therefore the internal angle is precisely equal to r. 


* This paper represents work carried out under an Office of Naval Research Contract 

' Schaeffer, A. C., and Spencer, D. C., “A Variational Method in Conformal Map 
ping,” Duke Math. J., 14, 949-0066 (1947) 

* Schaeffer, A. C., and Spencer, D. C., “Coefficient Regions for Schlicht Functions,” 
to appear as an American Mathematical Society Colloquium Publication. 

' Schaeffler, A. C., and Spencer, D. C., “A General Class of Problems in Conformal 
Mapping,” these Procrrpines, 33, 185-189 (1947 


A GENERALIZATION OF POISSON'S DISTRIBUTION FOR 
WARKOFF CHAINS* 
By B. O. Koopman 
DeraRTMENT OF Matrurmatics, CoLtumBia UNIVERSITY 


Communicated by ]. F. Ritt, January 24, 1950 


1. Introduction.-Let U,, (n = 1, 2, ie ie we ., m) be an in 
finite triangular array of variates (chance variables). If each row (U,, x, 
L’,. ») represents a set of m independent trials (i.e., U,., = 1 or 0 


according as the &th trial succeeds or fails), and if P,(s) is the probability 
of exactly s successes in this set, the Poisson distribution of mean m, P,(s) — 
P(s em" s', is obtained in the case in which the individual probabili 
ties of success, Py « PU 4.2 1}, become small while the expected total 
number of successes approach m, as the number n of trials increases indef- 
initely (we are using P(A) and p(A B) for the probability of event A, and 
the probability of A given B; and F will be used for the expected value). 
More precisely, the equations 


hin max DP. = (), (1.1) 


> t 
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lim E( : Uj. .) lim B Pru. 

a 4 i a—~oke } 

together form the necessary and sufficient condition that P,(s) approach 

the Poisson distribution.' The latter is also called the Law of Small 
Vumbers 

Che present note considers the case in which each set of trials (L,, ), : 

l . , mstead of being independent, forms a simple Markoff chain of 
length n 

In this case, in addition to the absolute probabilities p, ,, the transi- 


tion probabilities k oe 


play an essential role They are connected by the classical difference 


equation (2 2, n 


lo seek a generalization of Poisson's distribution for this case, we might 


impose condition (1.1 But the following more hberal condition 


lim max Da = () 


would seem to be more appropriate. It corresponds to the view that the 
essential features of the mechanism by means of which the trials are made 
are expressed by its transition probabilities, whereas the absolute probabil 
ties are more incidental and are largely determined by the situation in the 
first trial. 

In the Markoff case (implying (1.4) or its generahzation), we will say 
that any limiting distribution P,(s) ~* P(s) obtained under conditions im 
plying (1.2) and (1.5) is a dew of small number 

We shall establish a law of small numbers in the case of stationary transi 
tions (dy, x On. . independent of &); its generating function 1s of a simple 
exponential form and the probabilities P(s) are given in terms of Laguerre 
polynomials rhe note concludes with a statement, without proof, of the 
theorem giving the distribution in the non-stationary case, and considers 
further generalizations 

2. Preliminaries on Markoff Chains.—Let o, » be the standard devia- 
tion of LU’, ,, and p,, ,, the correlation coefficient of U,,, Us. CASTS 
Skgn Chen it is easily seen from the difference equations of type (1.4) 
that? p, r sa Ge Tn Therefore the coefficient of regression of 


lL’, .on U, ,;, being p, tn. t/ Fn. 1, 15 
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lo find the generating function of P,(s), 
bes 
v(t) = > P,(s)e, (2.1) 


= O 


we introduce u, ,, ,, the probability that there be exactly s successes in the 
trials (L’, ;, ,U, 0908 sS km). If wu’, .,, ts the probability of 
this event and also that success occur on the &th trial and if u”,.,., is a 
similar probability with failure in the &th, we have 


ee ee eae, aa ee tn se 2 O, oe". sa = 0. 
Simple probability reasoning establishes the classical difference equations 
«Bt ont Oe, 241 Hake F De. nat B's k 
Ore esas a’, n+ Mohs + Vest che 


Introducing the generating functions 


x & 
“= ; = ’ » 
ve all ps Ma aa ts # a all . > Un, ky f, 
sat 0 
P 
4 r te “ 
o"5 alt oe 
0 
we evidently have 
° ; 
¥ f ¢ anil t ¢@ a, x(t), wn i Pui! 


Furthermore, the above difference equations lead at once to the following 


matrix recurrence equation 


®, 24s >. .We nai Is kaon l 
where 
t a. t 0. 4 
H ta a 
F h 


a(t ee NW Wee OMS I 


' The Case of Stationary Transitions.--In this section we assume that 
the transition probabilities a, , 6, , are stationary, implying the existence 


" » i 
of the infinite sequences ja,;, | 4)), with 
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The condition (1.5) applied to (1.4) leads to 6, -> 0. We assume further 
that 


lim @, =a <l, lim pPyi1 = Pr, (q: - pi). (3.2) 
aon @ “> « 
Summing (1.4) fork = 2,..., , and applying these relations, we obtain 
(since a = limr, = r) 


b, = h/n + 0,/n, j 
h =m(l —r) — pr, lim 6. = 0.( (3.3) 


. = 
so-e & 


Since a < 1 we may fix r > lwithar <1. Let 7 be the circle jf) S rin 
the complex ¢ plane. We will show that ¢,(¢) ~* ¢(!) uniformly on T as 
n-» ©. From this it will follow, by use of Cauchy's integral formulas for 
the coefficients of # in ¢,(?) and y(t) as contour integrals about the circle 


|t] = r, that P,(s) + P(s), generated by ¢(?). 
Applying the formulas of this section to the results at the end of section 
2, we see that, once the uniform limit on T of Wy" = Wi ' has been 


found, we shall have, uniformly on T, 
en(t) > oft) = litp, a WY, we-'— WwW. (3.4) 


To find W, reduce W, to diagonalform. Its characteristic roots are 


l ; 
ab’. + ta, * [(b’, + ta,)? — 4t7,)"}; (3.5) 


rv”, 
and we have, in virtue of (3.1)—(2.3), 


lim A’, = fa, lim A’, = 1. (3.6) 


—> « i « 
Since for all te T, \ta} < 1, these roots are distinct once n is sufficiently 
large. Then W, = K,AK;', where 
ae ; « 
A, =  * K, = - ‘ (3.7 
0 x», — i, \*. ~ ie 
The limits of K,, Kz", being uniform on 7, we have but to find the uni- 


form limit A} ~ '—* A, obtaining 


a’ a L/a’ —1/(1— 


W = 
0 1—at ‘Ilo 1/( 


In view of (3.6) and (3.7), 


A = lim |(\’.)""'0 0 0 


n-e = () (x",)°-4i 10 Xi 


where \ = lim (A”,)"~' = lim (\”",)” (all limits uniform on T) 
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lhrect integration shows that 


s sf f'(l — v) de 
i. 4 7 (isi < 1), 
2 H o {1 + vs) 


the path of integration being the real segment (0, | 


Applying this to 
1.5), and making use of (3.2) and (3.3), we find that 


h(i - tl 2,(t) 
i.” = | 4 or, (3.10) 
! rin n 
where WU *OQ uniformly on 7 asn-? @, 
Integration along the real segment (0 S$ v S 1) shows that 





 f'+v) ad ; 
log (1 +2) = ¢ z° nig z| <1) 
0 (1 + os)* 
Applying this and (3.10) to log (\”,)", we finally derive the limit, uniform 
on Tr 
" ZO dD 
(rn”.)" > exp} — 3.11) 
3 bi 1 — rt 
; Combining (3.3), (3.4) (3.8), (3.9), (3.11), we have: 
4 furorem |. Jf @ Markoff chain with stationary transitions satisfies the 
mall number conditions (1.2), (1.5), and the limit conditions (3.2), then it 
leads to a law of small numbers P(s) ~> Ps), generated by 
: i ' 
: (1 — tp, mil —r(l—t)+ 1 — Op, 
eit) | exp . » (3.12) 
‘ l rt J rt 
Explicit expressions for P(s) are easily found in terms of the Laguerre 
polynomials, defined by the equation 
wx - ' 
exp - >, Elst e’. 
l ‘ i by Oo 
' 
(on setting 
" rt, P en 7 Pri i] rir, 
we obtain 
P(s é lgal..(wir? + (Pi — AL,a(w)r 


4. The Case of Non-Stationary Transitions 


We continue to assume the 
small number condition (1 


%); but (1.2) must be extended to take the form 
that, foreacht 0, 1,2, 
lint > kl Us as = R, 
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Evidently Ry = m. Furthermore (3.1) and (3.2) are replaced by 


Gs. 2 7? 0, S @ < 1 uniformly on (25k SS n)asn—- ©; (4.2) 


" _I1 " i 
by. k | > by. J ™= Cy | Pm a| (1 + €e, «)> (4.3) 
k=2 


: &a=2 


where «,., ~* 0 uniformly ass ©: (4,3) is a statement of the uniform 
approach of 5, 2:b,,3: ... to limiting proportions @:c: ... (& not all 
zero). Wethen have 

Tueorem II. Under hypotheses (1.5), (4.1), (4.2), (4.3), and the as- 
sumption Pq. : —> pr, there follows the conclusion that P,(s) —> P(s) generated 
by the function 


e(t) = [1 — f()) exp [—(1 — O[m+(t — DVO] + fO), 4A) 


W= TR, fH=1-0 ¥ praMe. (4.5) 


r= 1 s=-0 


The proof depends on a certain theorem in analysis.* Similar methods 
have recently led the author to formally similar results in the case where 
each trial has many possible outcomes (e.g., corresponding to points on an 
N-space), one class of which corresponds to ‘‘success,’”’ the rest to “‘fail- 


ure’; matrix and operator multiplication enter. 


* An outline of the paper which will appear in full under the title, “A Law of Small 
Numbers in Markoff Chains,” presented to the American Mathematical Society in 
its meeting in New York, February 26, 1949. The investigation was suggested by the 
theoretical (and unclassified) part of developements made in 1948 by the author in the 
course of his work with the Operations Evaluation Group of the Chief of Naval Opera- 
tions, U. S. Navy. Any views contained in this work are the author's and not the 
Navy's 

! Koopman, B. O., “Necessary and Sufficient Conditions for Poisson's Distribution,” 
Bull. Am. Math. Soc. (forthcoming). 

* We shall agree to write 
A ©) = 1, AQ @ As, the. 1... An ttd-w 
whatever the sequence of symbols A,,; (¢ = 1, 2,...) may denote. In the present 
case, 7, . Bd ™ Fa, iti fa, j+-++Fa. 

* Cf. Koopman, B. O., “Exponential Limiting Products in Banach Algebras” (forth- 


coming). 
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ALMOST PERIODIC INVARIANT VECTOR SETS IN A METRIC 
VECTOR SPACE 
By WILHELM MAAK 
Hameurc University 


Communicated by Hermann Wey!, Decernber 15, 1949 


In this note it will be shown that the axioms on which H. Weyl, in a 
recent paper published under the above title,’ has based his theory may 
be reduced by a somewhat different approach. In particular, we shall be 
able to dispose of the axiom IV the artificial character of which he himself 
deplores 

We start from the main theorem of the theory of almost periodic functions 
in a group (see reference 2), but we prefer to express it in this way: Given 
a group ® and a closed modul YW of almost periodic functions in @. If 
W is invariant under the transformations f(x) -> f(cx), ¢ arbitrary in ©, 
we call I a left-modul. Then we have: Given an arbitrary left-modul 
W consisting of almost pertodic functions, this modul ts always the smallest 
closed modul, containing all (finite) trreducible left-moduls in M. (See 
reference 4 

\ theorem like this is correct also for abstract almost periodic functions 
in @. A funetion f(x) on a group ts called an abstract function, if the 
values f of the function are elements of a vector space U instead of complex 
numbers. The abstract vector space U (possibly with non-denumerable 
dimensions) is a linear space with the complex numbers as left-operators 

If we assume that the elements of © are right-operators, we have a vector 
space, satisfying the axiom | in reference 1.) Besides this we suppose 
the elements u « Y to have a length | u We require & to be closed in the 
sense of thislength. [We see, that & satisfies the axiom III in reference 1, 
but without the formula (1.3 Besides this we do not assume the in 
variance of u , because the transformation with elements of the group is 
not necessarily defined.| The notion “almost periodic function with 
values in ¥°' is defined in the same manner as in the case where YB consists 
of complex numbers (compare reference 5 The word ‘“‘left-modul,’ 
ilso, is to have the same meaning as before, properly adjusted to the new 
Cas From the main theorem, given above, and from the fact, that every 
abstract almost periodic function /(x) can be uniformly approximated with 
irbitrary accuracy by folded functions ¢ X f with complex almost periodic 
functions ¢, we conclude the main-theorem about abstract almost periodic 
functions: Gtoen an arbitrary left-mtodul W, consisting of abstract almost 
periodic functions, this modul WM ts always the smallest closed modul, con 


fainting all (finete) arreducthle left-moduls in WN 
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From now on we suppose, that & has the elements of © as right-operators 
and that the length u) is invariant under the transformations of @. 
{We see, that & fulfills the axioms I and ITI of reference 1, but without the 
inequality (1, 3).] Then a vector u ¢ & is called almost periodic (as in 
reference 1), if f(x) = ux ts an almost periodic function of x. Now we 
consider a closed, invariant modul U ¢ &, consisting of almost periodic 
vectors ue Bonly. Then the set of all functions f(x) = ur with ue Ul is 
a left-modul of almost periodic functions. If we apply the above- 
mentioned main-theorem concerning abstract almost periodic functions, 
we obtain the approximation theorem: Given an arbitrary invariant closed 
modul \l, consisting of almost periodic vectors « G, this modul Ul is always 
the smallest closed modul, containing all (finite) irreducible moduls in &. 
This theorem is more general than Weyl’s “theorem of strong approxi- 
mation,’’' which can be deduced from our theorem by mere specialization. 

The Parseval equation is an immediate consequence of our approxima- 
tion theorem. But now it is necessary to have a scalar product (u, 0) of 
the vectors u, v « 8, which is invariant under the transformations of @. 
Moreover it must be assumed that y/(u,u)= uli S iu}. (Thisis thein 
equality (1.3) of the axiom III in reference 1. From now on we suppose 
that all assumptions of Weyl’s axioms I, II and III are fulfilled.) Uc & 
being a closed invariant modul, consisting of almost periodic vectors, we 
examine all (finite) invariant irreducible moduls U’ ¢ U. Each gives 
rise to an irreducible representation D'(x) of @. All U’ belonging in this 
sense to a representation D’(x) equivalent to a fixed representation D(x), 
we unite into a modul lly. We suppose, that all moduls Up are of finite 
dimension. (Denumerable dimensions would be also admissible. The 
invariant sets, which are considered by Weyl, are of this kind.) Then we 
can find in every Up an orthogonal and normed basis e™. tee. 
If now D runs over a complete, not necessarily denumerable, system of 
inequivalent irreducible representations , D(x), D(x), of @ 
we obtain an orthogonal and normed system of vectors Beh ‘ 
Ges 8s ie , in U. Making use of ul < jul, we deduce 
from the approximation theorem, that every vector ue Ul can be approxi- 
mated in the mean (that is, in the sense of u!) with arbitrary accuracy 
by finite linear combinations of the e,”’. For because of the approximation 
theorem, this is correct even in the strong case (that 1s, in the sense of 

uj}). In the usual manner one concludes from this the Parseval equation: 
We define the Fourier-coefficients of an almost periodic vector ue Ul to be the 


. 


numbers a,” = (u,e”’). Then we hav 


A fuller treatment of the theory outlined above will appear in Mathe- 


matische Annalen. 
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' Weyl, H., “Almost Periodic Invariant Vector Sets in a Metric Vector Space,” Am 


J. Math., 71, 178-205 (1949). 

* Neumann, J. v., “Almost Periodic Functions in a Group I,” Trans. A.M_S., 36, 445- 
402 (1934) 

* Bochner, S., and Neumann, |. v., “Almost Periodic Functions in a Group I1,"" Jbid., 


57, 21-50 (1935) 
* Maak, W., ““Moduln fastperiodischer PFunktionen,”” Abs. Math. Sem. Hamburg Univ. 


16, 56-71 (1949). 
* Maak, W., “Abstrakte fastperiodische Funktionen,” Jbid., 11, 367-380 (1936) 


ON MEMBRANES AND PLATES 
By G. Szec& 
DEPARTMENT OF Maruematics, STANFORD UNIVERSITY 
Communicated by J. L. Walsh, January 20, 1950 
I. Introduction.-\. We deal with three closely related problems of the 


Calculus of Variations having some connection with the theory of elastic 


deformations 

Let D be an arbitrary domain in the plane bounded by a simple curve 
C. We denote the area-element of D by de. The admissible functions 1 
are defined in D and satisfy certain boundary conditions on C. We de- 
fine the positive numbers Aj, As, Ay as follows: 


Sot | grad u |? de 


,? © min. ae , u = OonC, (a) 

SvJ u? do 
f, f (V *u)? de Ou : 

Met = min, ~"% = , “= = Oon C, (b) 

SoS u? de On 
. SoJS (¥ *u)* de ou : 

\ mn — ; ‘i= = Qon C, ( 

Sn J | grad ui* de on 


Obviously, Ag? 2 AjAs 

In (a) we allow only continuous functions which have piecewise con 
tinuous first derivatives. In () and (c) we allow only functions with con 
tinuous first derivatives. For the sake of simplicity we assume that C is 
an analytic curve. 

2. Problems (a2) and (6) are classical; the quantities 4, and A, are the 
fundamental frequencies of a membrane with fixed boundary and of a 
clamped plate, respectively. Problem (c) occurs in the study of the buck 
ling of plates.’ All the three problems have a considerable literature for 
which we refer to the book of Weinstein, 

\s to (a) Lord Rayleigh has formulated the following conjecture which 
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was first proved by G. Faber’ For all membranes of given area the circular 
one has the gravest fundamental tone (lowest fundamental frequency). 

Our purpose is to prove an analogous theorem for the problems (6) and 
(c), i.e., for the quantities Ayand A;. This can be done under a certain hy- 
pothesis concerning the functions u for which the minima in ()) and (¢) are 
attained. The hypothesis is the following: The functions u minimising 
problems (b) and (c) are different from sero throughout the domain D, that is, 
the fundamental vibrations do not produce any nodal lines. 

3. We note the Euler-Lagrange differential equations associated with 
the minimum problems formulated above: 


Vtu + Ate = 0, (a‘) 
VV — Aju = 0, (d’) 
VV "nu + As*V7u == 0. (c’) 


It is of interest to point out the minima in question for the special case of 
acircle. Denoting the radius of the circle by a we have 
A, = j/a, hy = R/a, Ay = j'/a 
where j, k, j’ denote the smallest positive root of the Bessel functions 
J{x), Jolx)\lo’(x) — Jo’(x)Iolx), Jo'(x), 
respectively. We have 


j = 2.405, k = 3.19, j’ = 3.832. (3) 


Thus the principal result can be expressed as follows: Let D be an arbi- 
trary domain and let a be the radius of the circle of the same areaas D. Then, 
under the hypothesis formulated above, we have the bounds 


\ 2 j/a, Ms 2 k/a, hs 2 j'/a. (4) 


The first inequality is the content of the theorem of Rayleigh-Faber, the 
second and the third are proved in the present paper (under the hypothesis 
mentioned above). In all the three cases the proof is based on the process 
of symmetrization as it was in the proof of Faber. However we shall 
modify Faber’s argument at a point which will be essential in dealing with 
the more difficult second and third problem. 

Il. Problem (a): Membrane with Fixed Boundary.—\. We denote by 
u the minimizing function of I (2) which is known to be different from zero 
in the interior of D. Hence, we can assume thatOS 4S 1. We denote 
the level curve u = p by C,,0S pS 1, so that CG, = C and C, coincides 
with the point(s) at which the maximum u = | isattained. The set C,con- 
sists of a finite number of separated curves; for the sake of simplicity we 
assume that C, is a single Jordan curve. 
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Let us denote by A(») the area of the domain inside of C, Thus A(0) = 
A is the area of the given domain D, A(1) = 0. We define the quantity 
R by the equation A(p) » #R* so that R is a decreasing function of p; the 
maximum R, of R is the radius of the circle which has the same area as the 
given domain D. 

2. We symmetrize the level curves C, by replacing C, by a circle of 
radius R about a fixed point, say the origin. The domain D is replaced then 
by a circular disk D of radius Ry. We define on D a function & by the 
condition that # = f(p) on the circle of radius R; the function f will be de- 
termined in such a way that the integral in the numerator of I (a) does not 
change in the transition from D to D and from u to a. That is, if de is 
the area-element of D, 


SoS | grad u |? da = Ss S| grad i |* de. (1) 
On the other hand, we shall prove that 
SoS 0 dos S,, S# do. (2) 


Also the boundary condition &# = 0 will be satisfied. This yields the asser- 
tion immediately 

We observe that this argument differs from that of Faber. He defines 
the ‘symmetrized’ function @ by the condition 4 = p and shows that this 
process diminishes the integral in the numerator and leaves the integral 
in the denominator unchanged. 

3. In what follows we use the notation 


G i dp (3) 
; = rad t == ») 
i 5 A 4 In 


where dp > 0 and dn is the piece of the normal of the level curve C, between 
the level curves C, and C,,,4,. The area of the ring-shaped domain between 
these curves is A(p) A(p + dp) = —A'(p) dp. On the other hand, if ds 
is the arc-clement of C,, we find for the element do of this area da = ds-dn 
ds-dp/G so that 
-A'(p) = A'(p) = if bps 1 ds. (4) 

By Schwarz's inequality 

Ja ize te S. - Be ‘ds 2 (f, ~ »as)* = (L{p))* (5) 
where L(p) is the lengthof C,. Using the isoperimetric inequality (L())*?2 
4rA(p) we obtain the following important inequality for the first integral 
occurring in (5) which we denote also by P(p), p > 0; 
. * 4rA( p 
P(p) = teacGis . : % 
A (p) 


Obviously 
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. a. a ae 
be grad u |?do = | | G?de = | | G? ds: —~ = 
D Dy 6 — G 


/ P(p)dp. (7) 
/° 
Now we define the function 4 = f(p) as follows 


op A'lt . 
f(p) = (P(t) dl, p> 00. (8) 
: 9 twA (ft) 


This integral exists since Pip) {see (7)} and A’(p) are integrable. Also it 
tends to zero with p so that #@ satisfies the boundary condition. We have 
A'(p) dp = 2xR dR, hence 


tal (=) o: (#2) ri 40 
grad uu i* = = (ff (p) = if (p))? 
dR 1 Man JP)!" (Ap)? 


f twA(p) P(p) 
oy! —— =r (9) 
(A‘(p))? A'(p) | 
The area between the circles of radii R and R + dR is 2eRdR = |A'(p)| dp 
so that we find 


Ss ri grad i (*de = y %. P(p)dp (10) 


which proves indeed (1). 
On the other hand we conclude froma (8), by (6), 


fle) 2 A? dt = p, 
Hence 
Se' p*| A'(p) | dos Se' (f(p))* | A’ | (p) dp 

which proves (2). 

This establishes the assertion 

III. Problem (b): Clamped Piate.—-\1. We denote the minimizing 
function again by u and assume that 0S u S | holds throughout the domain 
D.. LetO0 <p <1. Weconsider the open set u < p which consists in gen- 
eral of several simply or multiply connected components K,, K,’, .. . . 
One of them, say K,, has the curve C (u = 0) as part of its boundary. On 
the rest of the boundary of u < p we have u = p. We denote by A(p) the 
area of the complementary set characterized by the condition u 2 p. 
The function A(p) is continuous and monotonically decreasing; A (0) is the 
area of the given domain D and A(1) = 0. 

2. Wewrite again | grad u| = G. There is no need for any change in 
the argument of II 3; in particular II (4) and inequality (5) hold. 
Here L(p) is the total length of the set of curves u = p. Now we apply 














Sn ae 


posse 
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the isoperimetric inequaljty (L(p))? 2 49A(p). 


Obviously more than 
this is true 


Lip) can be replaced by the total length L;(p) of the curves 
which together with C bound A, Also A(p) can be replaced by the area 
Ax(p) bounded by the curves just mentioned. We have L{p) 2 Li(p), 
A(p) & Ax(p) 

Thus II (6) holds without any change. 

3. Now we introduce the notation, p > 0, 


di 
| (0%)? = = Op) 


i 
ra 


so that 


ay ake —“ 4 um *] 
/ (V%u)* de / (Vu)? G dp = | Olpidp. (2) 
° Juwe, 1 0 


lo be sure, O(p) has no meaning for p = 


but the integral (2) is finite 
By Schwarz's inequality 


- 


- ds 
(V *u)* 
ump & 


Jum eG 


; ae mee ‘ 
(O(p)) *| A’(p) 2 f Va —. (4) 
s=»p G 


Che integral of the function on the left-hand side of (4) existsin OS p< 1 


since O(p) and A’(p) are integrable. Integrating we obtain 


' ie 8 ds 
A’(t) di 2 / / Vu dt 
Je Jaw} G 
; Ou . ‘ Ou 
V *u de as = — ds = 


On 


tr A(p) Pe 
. (5) 
A (p) 


Che integration indicated by the condition u 


p has to be extended over 
a set of curves u 


p and the normal ts directed in each case into the in- 
terior of the domain 0 < u < p 
} 


We define now the function f(p) in the following way. Let 


A'(p) he P 
gip) * tA { A’(t) ad,o > 0, 
TA\p) ./# 


f(0) 
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The integral in (6,) exists since (0 < pp < p) 
Sat —A'(p)dp Sr’ (Qt)? (—A'(b))'? dt 
= A(po) Jo™ (Olt) (—A'(D)' dt — Alp) A’ (Q(t))'" (— AD) dt 
+ Si? A(p)(Q(e))'"* (—A'(p))'”* do. 
In view of (5) we have g(p) 21, f'(p) 2 1 so that we obtain the important 
inequality 
fle) = p, S (7) 


5. We determine R = R(p) as in I, A(O) = xR,* being the area of D. 
We consider the function @ = a(R) = f(p) defined on the circle D of radius 
Ro. This function satisfies the boundary conditions 


(th) pe - Rk = f(0) = (), 


Ot Sis a 
= lim ‘(R) = lim f'(p) 
On R= Re R-»> Re e-~ 0 


in view of (6;). 


We have now 


ae Lil } 1 (Alp (p))'”* 
ot ( (x) : x ¢ (4? @)) a (C0) (9) 


RdR\ dR} ~ A'(p) dp \A"(p) ~ 1A) | 


and we find 


Pe “Rs “1 Oo) 
(Vu)? do = (V i)? 24R dR = / vy | A’(p)| dp. 
D 0 J A'(p) 


(10) 


Comparing this with (2) we see that this process did not change the in- 
tegral in the numerator of I (6). 

On the other hand, the integral in the denominator will be for the circu- 
lar domain D: 


Se (f(p))? | A’(p) | dp 2 Se" p? | A’(p) | dp. (11) 


This completes the proof. 

IV. Problem (c): Buckling of a Plate-——\. Dealing with problem (c), the 
previous argument needs only slight modifications. We define f(p) in the 
same way as in III so that the integral in the numerator of I (c) does not 
change. 

As to the integral in the denominator we have by II (7): 


SoS | gradu \tdae = fy’ P(p) dp 


On the other hand [ef. IT (9)} 
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4rA(p) 
rad @ |* = (f’{p))* : 
& . (A'fp))*? 


and the area between the circles R and R + dR is | A‘(p) | dp so that 


‘ peo 49 A(p) : 
grad & da = (f’(p)}? - dp. (3) 
D 0 A (p) 


. 


But 


foz = ' P(p) 2 1. (4) 


so that 


. zy s txA (p) “4 
/ / gradu i* de & f'tp) . ;dp 2 P(p) dp = 
P A’ip) 0 
/ grad u j?do. (5) 
/ D 


A. Weinstein, “Etude des spectres des équations aux dérivées partielles de la théorie 
des plaques élastiques,”’ Mém. Sci. Math., voi, 88, 1937, 62 pp 
* Lord Rayleigh, The Theory of Sound, 2nd ed., vol. 1, 1804, p. 345; Faber, G., 
‘Beweis, dass unter allen homogenen Membranen von gleicher Flache und gleicher 
Spannung die kreisférmige den tiefsten Grundton gibt,"’ Ssber. Bayer. Akad., 1923, 
160-172; independently, a proof was given by Krahn, E., “Uber eine von Rayleigh 
formulierte Minimaleigenschaft des Kreises,”” Math. Ann., 94, 97-100 (1924 


This establishes the assertion. 


SPHERE-GEOMETRICAL UNITARY FIELD THEORY 
By TsurvusasuRO TAKASU 


Ponoku University, Senpar, JAPAN 


Communicated by Oswald Veblen, November 17, 1946 


\ conformal relativity theory has long been longed for. Now I have 
arrived at the following results 

1. The Kaluza-Klein space'’ is equivalent to the Einstein space 
V,CR® = '/, e’R) (special) dual-conformal (i.e., N.E.-Laguerre connection) 
geometrically so that the points in |, correspond to the generalized hyper- 
spheres whose developments in the N.E. tangential spaces are hyperspheres 
of equal radi 

2. The Einstein-Mayer space’ ts equivalent to the Einstein space |, 
special) Laguerre connection geometrically so that the points in V, 
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correspond to the generalized hyperspheres whose developments in the 
Euclidean tangential spaces are hyperspheres of equal radi. (This fact 
was suggested by Y. Tomonaga.'*) 

3. The Hoffmann space of the first kind,‘ which is a generalization of the 
Kaluza-Klein space, is equivalent to the Einstein space (special) Lie 
connection geometrically so that the points in the Einstein space correspond 
to the special linear hypercomplexes of generalized hyperspheres, whose 
developments in the N.E. tangential spaces are hyperspheres of equal radii. 

4. The Hoffmann space of the second kind,‘ which is a generalization 
of the Einstein- Mayer space, is equivalent to the Einstein space (special) 
parabolic Lie connection geometrically so that the points in the Einstein 
space correspond to the special linear hypercomplexes of generalized hyper- 
spheres, whose developments in the tangential Euclidean spaces are hyper- 
spheres of equal radii. Thereby the parabolic Lie's geometry, which is 
quite new, is situated among others as follows: 

(Dual-conformal geometry): (Laguerre’s geometry) 
= (Lie’s geometry): (parabolic Lie’s geometry). 


In the two cases 4 and 5 the said hypercomplexes are of equal generalized 
radii 

Our results seem to answer the question of four-dimensionality of the 
unitary field theory completely and to be very suggestive for its expected 


future developments (e.g., for the case of that including the meson field). 
The conformality long longed for seems to correspond to the similarity 


character of the Laguerre transformations in the wider (i.e., equiform) 
sense, 
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ERRATA 


In the article “On the Interpretation of Multi-Hit Survival Curves,”’ 
these PROCEEDINGS, pages 696-712, December, 1949, equation (21) on 
p. 702 should read 

ms 
. bel . 
S= [1 -( —e7™®)) (21) 
+= 
and equation (22), same page, should read 


S = {i — (1 — e7*”)}" (22) 
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